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1 Introduction 

Automata appear in many branches of mathematics. From the view point 
of dynamical systems, they produce actions on spaces. Of particular interest 
for us is theory of automata groups which studies discrete group actions on 
trees. 

In this paper we develop a new construction of dynamical scaling trans- 
form by use of tropical geometry, and apply automata groups to its framework 
in order to analyze global behaviour of both rational dynamical systems and 
some classes of systems of non linear partial differential equations. 

Tropical geometry is a kind of scale transform between dynamical sys- 
tems, which provides with a correspondence between automata and real ra- 
tional dynamics. It allows us to study two dynamical systems at the same 
time, whose dynamical natures are very different from each other, by taking 
scaling limits of parameters. 

There has been the extended development of partial differential equations 
by use of approximations by real rational dynamics. Combination of these 
two aspects creates a new connection between geometric group theory and 
partial differential equations. This is the main aspects which we will focus 
on in this paper. 

A discrete group is called an automata group, if it is generated by actions 
on the rooted trees, whose rules are represented by an automaton. From 
the view point of dynamical scaling limits, automata can be regarded as 
frame- dynamics which play the role of underlying mechanisms for rational 
dynamical systems and systems of partial differential equations. 



1 



In this paper we give a construction of dynamical scale transform from 
automata groups to partial differential equations. In particular we develop 
a method of dynamical scale transform from Mealy automata groups to first 
order hyperbolic systems of PDE. 

If rational dynamical systems or systems of PDE contain automata groups 
as their underlying dynamics, then the geometric group structures will re- 
flect to the dynamical structures of solutions to the systems. So a basic and 
general question is whenever we focus on some geometric properties of dis- 
crete groups, whether one can find some systems with global solutions which 
satisfy structural similarity with these properties. 

Theory of automata groups provide plenty of examples which possess 
quite characteristic properties. Here we focus on the finitely generated infin- 
tie torsion groups whose existence is a question called the Burnside problem. 
The first example was discovered by Ajijan-Novikov ([AN]), and then by 
Aleshin as an automata group ([Al]). In terms of dynamical systems, one 
can restate its property as infinite recursivity that any actions have finite 
orders, and the number of the minimal orders are infinite. In this paper 
we show that Aleshin's automaton produces the rational dynamical systems 
which satisfy infinite quasi-recursivity. 

In this paper we include basic analysis of the hyperbolic systems of first 
order PDE of 2-variables, which arise from Mealy automata. In particular 
it includes existence, uniqueness, energy estimates with explicit estimates 
on the constants, and so on. It allows us to produce solutions to the PDE 
systems which can be applied to the asymptotic comparison theorem which 
we will describe below. 

Even though the topics of this paper include two different fields, where 
one is discrete group theory and the other is PDE analysis, still the contents 
are written in a self-contained way. 

Now let us introduce a class of dynamical systems which we treat. Let Q 
be a set and AT be a space. A state dynamics on X is the dynamical system 
given by elements of Q, such that every E Q determines an action on X. 

An automaton is consisted by finite rules which can create quite compli- 
cated state dynamics on the sequences of alphabets. Let S be another set, 
and consider all the set of infinite sequences: 

Xs = {(so,Si,...) : Si e S}. 
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Let us consider an automaton A which is given by a pair of functions: 

ij-.Qx 5'°+^ ^ S, 
(f):Qx S^+^ Q 

where a, /3 > 0. It gives rise to the state dynamics on Xs as follows. Let us 
choose any q & Q and s = {sq, Si, . . . ) e Xs- Then: 

Ag-.Xs^ Xs 

Ag(s) = (sq, s[, . . .) is determined inductively by: 

s'i = i^iqi, Si,..., Si+a), Qi+i = (f>{qi, Si,..., Si+is) {qo = q). 

Besides the dynamics over Xs, the change of the state sets play important 
roles in the hidden dynamics. 

Any sequences q^ — . . . ,q^) e Xq~^ give dynamics by compositions: 

Xqj = Ag,- o • • • o AgO : Xs Xs. 

It can happen that different automata give the same state dynamics. In such 
case, the dynamics Ag are the same, but dynamics of change of the state sets 
can be very different. Such two automata are called equivalent. 

The above type of the state dynamics contains two important cases of 
discrete dynamics which appear in tropical geometry: 

(A) Integrable systems of cell automaton: One arises from the scaling 
limits of the integrable systems. Let us just present one of the typical case, 
the ultra-discrete Lotka Volterra cell automaton, whose dynamics is given by 
the rule ([HT], [TTMS]): 

s'i = V5(Si_i, Si, Si+i) = + max(Lo, Si) - max(Lo, Sj+i) 

Let us rewrite this by a state dynamics. For S = Q with the initial state 
qo = q, consider the state dynamics with il) : Q x S ^ S, (f) : Q x ^ Q by: 

i^{Q, s) = q, 0(g, So, Si, 82)^ q + max(Lo, Si) - max(Lo, S2). 

One can assign s'^ — qi with Sq = q, which describes the above automaton. 

There are many other cases of the integrable systems given by cell au- 
tomata of the above types (see [K4]). 
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(B) Mealy automaton: Suppose both a — (3 — and so: 



ij-.QxS^S, (j):QxS^Q 



where : {q. ) : S = S arc isomorphic for all q & Q. If we identify Xs with 
the rooted trees, then the state dynamics give the group actions on the trees, 
since the actions can be restricted level-setwisely. The groups generated by 
these states are called the automata groups given by the automata (V^, 0). 

A general state dynamics will not give actions on the trees, but still it 
may be possible to hold isomorphisms Ag : Xs = Xs, which are identified 
with the actions on the boundary of the trees. In 4.A.3, we give an example: 

Lemma 1.1. There is a nan Mealy automaton which induce the isomorphism 
actions on the boundary of the trees. 

Automata groups contain several discrete groups which are quite charac- 
teristic in geometric group theory. Let us list some of known results (see also 



(1) Automata groups with intermediate growth ([G]), more generally with 
fluctuations ([Br]), 

(2) Automata groups which are infinite torsion ([AN],[A1]), 

(3) Automata groups with non- uniformly exponential growth ([W]), 

(4) A criterion of amenability ([BKN]), 

(5) Some classificatin of 2 state automata groups ([GNS]). 

Our basic idea of reasearch direction is to study how such geometric or an- 
alytic properties reflect to the structures of the rational dynamics and PDE 
systems, if they contain such groups as their frame-dynamics. As an applci- 
ation, we will verify existence of infinite quasi-recursivity for some rational 
dynamical systems. 

Let us explian more details of the structure of this paper. 

Tropical geometry: A relative (max, +)-function 99 is a piecewise linear 
function equipped with its presentation of the form: 

<f{x) — max(Q;i -|- aix, . . . , + ^m^) ~ max(^i -|- bix, . . . , I3i + bix). 

Tropical geometry associates the parametrized rational function (see [Mi]), 
which we call a relatively elementary function : 



my- 




ht{z) 
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They admit one to one correspondence of their prsentations to </?, and take 
positive real numbers if the inputs are also positive. 

A cruitial property is that ft converge to by letting t — )> oo in some 
sense. Among various ways of scaling limits, tropical geometry behaves quite 
nicely, which allows us to obtain several uniform estimates by comparisons 
of both dynamical behaviours at the same time. 

It is quite characteristic of (max, +)-functions that different presentations 
can give the same functions. For example: 

(p{y, x) = max(a;, -x) - y, tpix, y) = max(<^(a;, y), -y) 

are the same functions but have different presentations. The correspond- 
ing rational functions are mutually ft{w,z) = w~^{z + z~^) and gt{w,z) — 
w~^{z + z^^ + 1), which are different even as functions. This motivates us to 
introduce a notion of tropical equivalence between such ft and gt- 

Let us take finite sets S,Q G Z, and consider an automaton A given by: 

In general these can be extended over the real numbers by piecewise linear 
functions which admit the presentations by the relative (max, +) functions: 

ip{r) = max(Q;i + aif, . . . , aa+2 + ^0+2^) - max(/3i + bif, /3a+2 + &a+2r), 
0(0 = max(7i + cj, . . . , 7^+2 + - niax(5i + dj, . . . , 5^+2 + dp+2l)- 

State systems of the rational dynamics: The state dynamics with re- 
spect to the pair (•0, 0) are given by the discrete dynamics inductively defined 
by the iterations: 

= 'ilj{ylxl,...,xl^J, yl^^ = (t){ylxl,...,xl^f^) 

where x^ = Xi and = y^ are the initial values for i,j > 0. 

Let us visualize this dynamics as follows, y = y^ determines the map: 

Aj, : ^ M^, Ay{xo, Xi, . . .) ^ (xj, xl, xl,...). 

So by composition, finite sequences (?/°, y^, . . . , y^) give the maps: 

^{y<-\y\...,yi) = Ayi O ■ ■ ■ O AyO : ^ M^, 
-^(2/0,2/i,...,yJ)(^0) ^1) • • • ) ~ (-^0 ) ) ^2^ )•••)• 
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If q; = ^ = 0, then the Meay automaton gives the automata groups, and 
the state dynamics above exactly extend the group actions over the trees. 

Let us consider the corresponding parametrized rational functions ft and 
gt with respect to if and ip respectively. 

The state system of the rational dynamics is given by the corresponding 
rational dynamics: 

= ft{wl,zi,..., 4^ J, wi^^ = gt{wl,zl,..., zl^p) 

where the initial values are given by = Zi,wl = > 0. 

Now let (■0^,0^) and (■0^,0^) be paris of (max, +)-functions, and {fl^g}) 
and {ff,gl) be the corresponding relatively elementary functions. Assume 
that both pairs are tropically equivalent: 

{fl9l)-Uli)- 

For / = 1, 2, let {w^{l)}j>Q and {-2i(/)}i>o be the initial sequences by pos- 
itive numbers, and denote the solutions by {zl (/), wj{l)) to the state systems 
of the rational dynamics: 

zl^'il) = fliwiil),ziil),...,zl^il)), 

<i(0 = ^lK(0,4(0,---,^^/5(0)- 

with the initial values z^{l) — Zi{l) and Wq{1) — w^{l). 

Let Pi{c) — ^-^ZT'- Our basic tool of the analysis for the rational dynam- 
ical systems are given by the following: 

Proposition 1.2. There are constants M > 1 and c > independently of 
the initial values so that the asymptotic uniform- estimates hold: 



.^r^ii) ^r(2) <i(i) <i(2) . 

llid-X-l r—r. r— Tj : : I 

^4+^(2)' zr\iy <i(2)' wuiy 



where 7 = max(Q;, j3), c — max(c, 1), and the initial rates are given by: 



[mi),w^mi..] - ^-f-^^(^y 
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In particular if c < 1 and if the initial values are the same, then one 
obtains the uniform estimates by some constants . Both M and c can 
be known immediately once the presentations of the defining functions are 
given. In fact c is the Lipschitz constant of the pair {i/j, 4>). 

For our later purpose of the apphcation to PDE analysis, we verify the 
uniform estimates when the orbits fluctuate under controU of torpically equiv- 
alent functions as below. 

Let {{zl{l)}ij,{wl{l)}ij) be as above. 

Theorem 1.3. Suppose [fl^g]) ~ {f^,gl) are pairwisely tropically equiva- 
lent. 

If another sequences {wl}ij and {z-l}ij satisfy the dynamical inequalities: 
fli^l, zj,..., zj+a) < 4^^ < ftiwl,4^ 

then the uniform estimates hold for I = 1,2; 
i^r, {^r< M^Wi)W[supmax{(^)±\(^)±^}]^'^^^^-^^ 

Zi W^i+l iJ w'q 

We will apply these estimates for fl = jjft and = Nft to the analysis 
of PDE for some integer N > 1. 

Notice that we have removed the condition of monotonicity of functions 
which were assumed in [K3]. 

Automata groups and tropical geometry: Let us take finite sets S,Q G 
Z, and consider an automaton A given by the pair ip : Q x 5'°"''^ — )■ S and 
ip : Qx S^^^ Q with their extensions by relative (max, +) functions 0). 

We say that the extensions are stable over {Q,S), if there are some < 
6 < 1 and < < 1 so that the Lipschitz constants of the pair (■0, (j)) is 
bounded by // on 5 neighbourhoods of Q, C IR respectively. 

Lemma 1.4. For Mealy automata, stable extensions always exist. 

It would be possible to construct stable extensiopns for general automata, 
by performing little bit more complicated constructions. 

If two automata are equivalent, then the corresponding state systems of 
the rational dynamics also show mutual structural similarity on the large 
scale as: 



'i+0) 
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Theorem 1.5. Suppose Ai and A2 are equivalent, and choose stable exten- 
sions of them. 

Then for any C > 1, there exists to > I so that for all t > to and any 
initial values z{l) and w{l) with the bounds: 

C-^h < Zi{l) < Cki, C-^q^ < w^{l) < Cq^ 

for k e Xs and q e Xq, then the uniform estimates hold: 

4(2) m 

There are many cases when automata groups are finite (see [GNS]). 
In such case, {AgmY = id : Xs — )■ Xs hold for some p and all (f^ ~ 
[q , . . . ,q ) e Jig . 

This situation is restated by the state dynamics. Let A be an automaton 
(not necessarily Mealy), and consider the dynamics Agm : Xs — >■ Xs- Let us 
denote the periodic sequence of q^ by: 

Qper = [1 ^ ■ ■ ■ ,---,Q,---,Q ,---)^^Q- 

Let us choose a stable extension of A and consider the state dynamics: 



-^^^ = ftiwj, zj,..., Zi+a), wj,^ = gt{wj,z; 



+1 — yty^ii^ii ■ ■ ■ ^Zi+/3J 

with the initial values C-H''' < z^ < Ct''\ C^H'^' < < Cti' , where 
k — {ko, ki,. . .) are some elements in Xs and q^^^ — (g°, g^, . . . ). 

Proposition 1.6. Under the above situation, suppose Agm : Xs — >■ Xs is of 

finite order with period p. 

Then for any C > 0, there exists to > 1 and D independent of the initial 
values so that the uniform bounds: 

J 



hold for all t >to and all i, j,l — 0,1,2, . . . 

The automata group by Aleshin is generated by 2 states and infinite 
torsion, which gives a solution to the Burnside problem. Let us transform 
such phenomena to the corresponding state systems of the rational dynamics, 
which we call the rational Burnside problem: 
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Definition 1.1. The state system of the parametrized rational dynamics by 
{ftiQt) is quasi-recursive with respect to {Xt,Yt), if for any C,C' > 1, there 
exists to > 1 so that for all t >tQ and any {wl}j e Yt, there exist some p e N 
such that: 

(1) any solutions {{zl}ij,{wl}ij) with {z^}i G Xt satisfy the uniform 
hounds: 



'i 



(^)±i < c 



for all i, j, I = 0,1,2, ... , and 

(2) for any 1 < p' < p— 1, there are some {z^}i e so that the solutions 
({-^i {^i satisfy the uniform lower bounds: 



J+p' 



,z\ ,_|_^ 



for all j = 0, 1, 2, . . . and some i. 

It is infinitely quasi-recursive, if infinitely many such p exist. 

By use of stable extensions of the Aleshin's automaton, we have the fol- 
lowing: 

Theorem 1.7. There exists a pair of relatively elementary functions {ft,gt) 
so that the state systems of the rational dynamics is infinitely quasi-recursive. 



Approximations of systems of PDE by rational dynamics: It would 

be of interest to study how globally analytic properties of automata group 
actions on trees effect on the associated dynamics of the PDE systems. 

Let us state a general procedure to induce PDE systems from automata. 
Let < e < 1 be constants. Let us consider a function u : [0, oo) x [0, oo) — >■ IR 
of class C^+^j and take the Taylor expansions up to order + 1: 

/ ■ . X . . i^^y u^f ■ . 2 

u[x + ze, s + je) = M + leu^ + jeUg + '"2x H ^^2s + Uxs 
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Let us describe a general way to approximate solutions to the systems of 

PDE by the state systems of rational dynamics. 

Let ft = ^ and gt = ^ he relatively elementary functions, and consider 
the state systems of the rational dynamics: 

4^^ = Mwi, 4,---, Zi+a), wf^i = gt{wf, zj,..., zl^p). 
Let us introduce the change of variables by: 

Then we take the difference, and insert the Taylor expansions: 

- ft{wl, zj,..., zj^J = u{x, s + e) - ft{v{x, s),u{x, s),...,u{x + ae, s)) 
_ Pi{e,t,u,v,Us,u^, . . .,u^^) + Ri{€,t,u,v, . . . , tt(^+i)^(^)) 
bt{v{x, s),u{x, s), . . . , u{x + ae, s)) 

= Li(e, t, U, V,Us,..., U^^) + e''+^Ei(€, t,U,V,..., {Ua{^ij)}a,i,j). 

where Pi and -Ri are polynomials, and each monomial in Ri contains deriva- 
tives of u of order /i + L 

Similarly we have the expansions: 

^i+i - 9t(wl4, zl+p) = ""(^ + e> s) - gt{v{x, s),u{x, s), . . . , ^(x + ^e, s)) 
_ Pije, t, u, V, U:c, Vx,---, Unx) + R2{e, t,u,v,..., U(^,^+i)x{^')) 

dt{v{x, s),u{x, s), . . . , u{x + ^e, s)) 
= L2(e, t, u, V, u^, v^,..., M^^) 

where each monomial in Ri contains derivatives of w or u of order fj,+ 1. 

We say that Lj and Ej are the leading and error terms respectively, and 
call the parametrized systems of PDE of order //: 

Pi{e,t,u,v,Us, ■ ■ ■,Uf,s,u^^) = 0, P2{e,t,u,v,Vx, . . .,u^^,Vf,^) = 

the induced systems of partial differential equations with respect to ("0,0). 
Let us take four relatively elementary functions f^,f^ and g^,g^ so that 
~ and g^ ~ g'^ are tropically equivalent mutually. For / = 1,2, let: 

Pl{£, t, U, V, Us, ■ ■ ■ , U^si "^ixx) ^ 0, -P2(^' ^1 ^1 ^' "^x-i ■ ■ ■ 1 fJ'iJ.xi f^nx) — 
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be the induced systems of PDEs of order fi. 

For functions of C^^^ class, let us introduce the higher distorsion which 
are the relatively uniform norms of their fi + 1-differentiations (3.5): 



K{u, v) = sup max 



(j;,s)e[o,oo)2 u{x,s + e)' v{x + e,s) 

Theorem 1.8. For 1—1,2, let C he the bigger one of their error constants. 

Let {u\v^) : [0, oo) x [0, oo) — >■ (0, oo) be positive solutions to the above 
systems respectively, so that the estimates: 

< CK{u\v^) < {l-5)e-^ 

are satisfied for some positive S > 0. 

Then they satisfy the asymptotic estimates for all {x, s) G [0, oo) x [0, oo): 

< (Af„M)'"'.-'c+.>'.+.»'°' ([(«',!>') : {u\v%f~'"*"''*"'*' 
where Nq is any integer with Nq > max{S~^, 2 — 5). 

We say that a solution to the above PDE systems is admissible, if the 
higher distorsions satisfy the above estimates. 

In practice, in order to apply the above result, there are two types of 
questions where: 

(1) existence of positive solutions, (2) admissibility of such solutions. 

Among all the induced PDE systems, the hyperbohc Mealy systems which we 
treat below are the one which arise from automata groups. For such class, 
existence follows always and we construct the admissible systems of PDE 
quite concretely. 

Hyperbolic systems of PDE in tropical geometry: In the case of Mealy 
dynamics given by: 

x(i,j + l) ^'ilj(y(i,j),x(i,j)), y(i + l,j) ^ (f){y{i,j),x{i,j)) 

the induced first order systems of the equations: 

eus^ ft{v, u)-u, evs^ gt{v, u) - v 
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are called the hyperbolic Mealy systems. 

In this paper we develop basic analysis of the hyperbolic Mealy systems. 
In particular we verify existence of positive solutions, uniqueness and explicit 
energy estimates. Construction of admissible solutions to the hyperbolic 
Mealy systems involve the interplay of estimates between piecewise linear 
and differentiable dynamics. 

Let us treat a case when the pair (ft, gt) restricts to a self-dynamics over 
[r, R] (5.C). Let us put the initial domain: 

/o = [0,oo) X {0} U {0} X [0,00). 

Theorem 1.9. Suppose that the pair {ft,gt) restricts to a self-dynamics over 
[r,R], and give the positive initial values: 

u, v. lo ^ [r + q,R- q]. 

Then: (1) there exists a positive solution 

u, V : [0, 00) X [0, 00) — )■ (0, 00) 

with the uniform hounds r -\- q< u{x, s), v{x, s) < R — q. 
(2) The solution is unique. 

Let us induce the energy estimates which are well known for the hyper- 
bolic systems, but here we also estimate the constants explicitly. Let us 
introduce the numbers: 

D= sup {\ft{v,u)-u\, \gt{v,u)-v\}, 

(ji,-i;)e[r,_R]2 

B = max(||(/,)„ - l\\C\\\{fMC\ \\{gt\ - l\\C\\\{gtU\C') , 
6 = sup I {ft)v{gt -v)\, d = sup I {gt)uUt 

Proposition 1.10. Suppose that the pair {ft,gt) restricts to a self-dynamics 

over [r, R] . 

(1) Let us give the initial values: 

u{ ,0), v{Q, ):[0,oo)^[r + g,i?-g] 

with uniformly hounded norms: 

||u^||C°([0,oo) X {0}), ||'t;,||C°({0} x [0,oo)) <A<oo. 
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Then there is a constant C so that solutions u, v : [0, oo) x [0, oo) — >■ (0, oo) 
have the asymptotic hounds: 

nit (ii 1 — 1 

||^||C»([0,oo) x{m}), ||^||C"({m}xlO,oo)) < 2'"''»(yl + 2D), 

||^||C», A\C« < D 
OS ox 

where r Lipj^ g^ < |, r < D'^q, S = tB < |. 

(2) Assume negativities: 

-a < {ft)u - 1, {9t)v - 1 < -c 
for some < a,b. Then the uniform estimates hold: 

— + {ux{x, 0) — -) exp(— as) < Ux{x, s) <- + {ux{x, 0) — -) exp(— as), 
a a c c 

— h (vgiO, s) ) exp(— ax) < Vglx, s) < — h (vgiO, s) ) exp(— as) 

a a CO 

In particular \ux\ and \vs\ are both uniformly bounded. 

In 5.D, we construct admissible systems of PDE from piecewisely linear 
functions. For this purpose we introduce some modification of automata. 

Definition 1.2. (^,0) is an t-refinement of the pair {iJi4'), if there is a 
posiive number N so that for any q G Xq and k e Xs, there are paths 
y:{0,l,...}^Randx:{0,l,...}^R with: 

y{jN) = q\ \y{j + l)-y{3)\<e, 

x{iN) = ki, \x{i + 1) — < e 
for all z, J e {0, 1, . . . }; such that the corresponding orbits: 

with respect to {'^., 0) and 0) respectively, satisfy the equalities: 

/-n3 l^"^ 11'^'^ /'l'^ 

•^iN — '^i ) (JiN — Hi ■ 

(f)) is refinable, if there is an e-refinement for any small e > 0. 
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Let A be a Mealy automaton with 2 alphabets, equipped with a repre- 
sentative {ip,(f)) by relatively (max, -|-)-functions. For any (so,Si,...) G X2 
and q^,...) G X^+i, let: 

A(qO,...,gi-i)(so, si, . . . ) = ((4: s[,...)e X2 

be the orbits of the automata group actions. 

For its refinement (^, 0) and their tropical correspondences {ft,gt), let us 
consider the hyperbolic Mealy systems: 

Us = ft{v, u) -u, v^ = gt{v, u) - V. 

Theorem 1.11. For any C > and any t > t{C) > 1, there are refinements 
{^,4>) of {ilj,(f)) with the pairs of tropical correspondences {ft,gt) so that: 

(1) {ft,gt) admits admissible solutions, 

(2) for any another pairs {ft,gt) toropically equivalent to {ft,gt), o,ny 
admissible solutions to the equations: 

Us = ft{v, u) -u, = gt{v, u)-v 
whose initial values satisfy the inclusions for all k — 0,1,2, ... : 

d{u{Nk, 0),S), d{v{0, Nk), Q) < C 
then they satisfy the asymptotic estimates for some M,c> 1: 

^ u{Ni,Nj) ^^, < 

4 

This is a consequence of admissibility of the refinements as: 

Proposition 1.12. Let A be a Mealy automaton with 2 alphabets. There is 
an refinement of A with the pair of functions (0, -0) so that the corresponding 
relatively elementary functions {ft,gt) o-f^ admissible with the estimates: 

[ \{ft{v,u) -u){{ft)u{v,u) - 1)1 + \{ft)v{u,i))\\vs\ ]{x,s + a) < 2u{x,s + l), 
[ - - 1)1 + l(^t)«(^>^^)lk^l ]{x + a,s) <2v{x+l,s). 

for any solutions {u, v) and a// < a < 1. 
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It would be of interest to apply group-theoretic results to the analysis 
of PDE. Compared with the dynamical Burnside problem, we would like to 
propose the following. 

Let X C [0, oo) be a net and Y C [0, oo) be a periodic subset. Let us 
take parametrized functional subsets Ax, By C C[0, oo). 

Conjecture 1.1: There exists a Meay automaton so that the corresponding 
hyperbolic system is infinitely quasi-recursive over {Ax, By) in the following 
sense; there exists D >1 so that: 

(1) There arc solutions u,v : [0, oo)^ — >■ (0, oo) for any initial values 

u{x, 0) G Ax and v{0, s) G By. 

(2) For each y G By, there is a minimal p such that any solutions {u,v) 
with u{ , 0) G Ax and ^(0, ) = y satisfy quasi periodicity: 

Ud{x, s + kp) ~ 

for any (x, s), {x, s + kp) G X x F. 

(3) \im.t^oo[^\i-^{x,s)(iXxY s)][inf(x,s)exxy u{x, s)]~^ = oo. 

(4) Infinitely many such p exist for each ^ >> 1. 
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2 Tropical geometry 



2. A Tropical transform: A relative (max, +)-function (p is a. piecewise 
linear function equipped with its presentation of the form: 

(p{x) = max(Q!i + aix, . . . , am + cimx) — max(/9i + hix, . . . , /3; + hix) 

where ciix = Ti^^-^a\xi, x — (xi, . . . , x„) G R", a; = [a], . . . , a^),bi e Q" and 

a„A G M. 

We say that the multiple integer M = mlis the number of the components. 
is Lipschitz since it is piecewise linear. This is the most important 
property for our analytic estimates later. 

Throughout this paper, we equip the metric on IR" by: 

. . .,Xn)\ = sup \xi\. 

l<i<n 

Corresponding to Lp, tropical geometry associates the parametrized ratio- 
nal function given by: 

- htiz) ~ Ei^,t^>^zh 

where = Uf^.zf , z ^ {z,, . . . , Zn) e R^o ([LM], [V], [Mi]). 

We say that ft is a relatively elementary function, and both terms ht{z) — 
T}f^^^t^''z^'^ and kt{z) = E^^t"'=z"'= are just elementary functions. 

These two functions (p> and ft admit one to one correspondence between 
their presentations. In fact they are connected passing through some inter- 
mediate functions (ft, which Maslov inroduced as dequantization of the real 
line R. 

Let us briefly explain the aspects of scaling limit in tropical geometry. 
For t > 1, there is a family of semi- rings Rt which are all the real number M 
as sets. The multiplications and the additions are respectively given by: 

x®ty = '^ogt{t'-' + ty), x®ty = X + y. 

As t — > oo one obtains the equality: 

x®oo y = Toa.ax(x,y). 

By use of these semi-ring structure, one has Rt- polynomials of the form: 

ipt{x) = {ai + aix) ©(•••©( {am + OLmx) - {/3i + hx) • • • (A + kx) 
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2.A.2 Bcisic properties: So far we have seen three difTerent types of func- 
tions, ft and ipt- Let us hst some basic properties they satisfy. 

(A) and (ft are connected as: 

hm (pt = ^ 

t— >oo 

and the hmit satisfies the relative (max, +) equation (^oo(^) — as in 

2.74. In fact we have the uniform estimates as below. Let M be the number 
of the components for (p. 

Lemma 2.1 (K2). The uniform estimates hold: 

sup \(ft{x) - (p{x)\ < logt M. 

Proof: For convenience we include the proof for the simple case. We verify 
the estimate \x ^tU ~ max(a;, y) \ < log^ 2. Assume x — max(a;, y). Then: 

x(Bty = log,(t^ + = log,(r(l + t^-^)) =x + log,(l + t^-^). 

Since y — x < are non positive, the estimates log^(l + < logi2 hold. 

The general case easily follows from this. This completes the proof. 

Remark 2.1: At a glance tropical geometry seems a special kind among 
various scale transforms. However we would point out the following fact, 
which suggests that tropical geometry posesses some universality from the 
arithmetic view points: 

Lemma 2.2. Let / : M ^ M 6e a continuous map with the property: 
f{x + y)^f{x)f{y), x,yeR. 

Then there is some t > so that one of f{x) = t^ or f[x) = holds. 
Proof: Firstly /(x) > hold, since f{x) = /(f )^. 

/(a) = (/(I))" hold for any rational a = — G Q>o- This follows from the 
equalities /(I) = f{n^) = f{^r and /(a) = /(i)™ = f{l)f = /(l)^ By 
continuity, the same formula holds for any a e M. 

/ = hold iff f{b) — holds for some 6 e R, since the equalities /(a) = 
f{a-h)f{h) hold. 
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/(O) = or /(O) = 1 must hold by the equahty /(O) = /(0)/(0). So 
f = hold iff /(O) = 0. 

Conversely suppose /(O) = 1 holds. Then /(a) > hold for any o € M, 
and so /(a) = hold with t = /(I) > 0. This completes the proof. 

(B) Three types of the functions equipped with their presentations: 



have one to one correspondences with each other. Namely one can obtain 
the presentations of all these functions at the same time, once the coefficients 
ccj, aj, (3j,bj are determined. 

Notice that as functions, the presentations of relative (max, +) functions 
(p are not uniquely determined in general, unlike to the case of rational func- 
tions. 

For example ip{x,y) — max(— |/,?/) — x and ■i(j{x,y) = msix{(f{x,y),—x) 
are the same functions, but have the different presentations. Correspondingly 
the rational functions have the presentations as: 



which are mutually different even as functions. 

This leads us to the following notion. Let and ip'^ be two relative 
(max, -|-)-functions with n variables. Then ip'^ is equivalent to Lp^ {(p-^ ~ (p'^), 
if they are the same as functions, so (p^{xi, . . . , Xn) = 'p'^{xi, . . . , x„) hold for 
all {xi, . . . , Xn) e but possibly they may have different presentations. 

Definition 2.1 (K2). Let fl and be two relatively elementary functions, 
fl and are mutually tropically equivalent, if the corresponding (max, +) - 
functions (p^ and are equivalent. 

For example if ft corresponds to ip, then 3/* corresponds to max((^, (p, ip), 
and so on. So ft and Nft are tropically equivalent for all A/" = 1, 2, . . . More 
generally ft and aft are tropically equivalent for any a e Q>o- 

For TV, M > 1 and let us put: 



^, ^t, ft 



f{z,w) 



z ^{w ^ + w), g{z,w) = z ^{w ^ + w + 1) 



/t(^0) • • • , 



Zn-l) = fti^ZQ, . . . , 



M 



N 



Lemma 2.3. ft and ft are tropically equivalent. 
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Proof: The function z ^ corresponds tropically to: 

X — )> = max(a;, . . . , x) — max(0, . . . , 0) = x. 

Let Lp be the corresponding relative (max, +)-function to ft- Then the 
another relative (max, +)-function: 

corresponds to /. This completes the proof. 

(C) Let us relate ipt with ft. Let Log^ : M^g ~^ be given by: 

{Xo, . . . , Xn-l) = Logt(2;o, . . . , Zn-l) = (logj 2^0, ... , log^ Zn-l). 

Proposition 2.4 (LM,V). = (logj-^ o o Lo^^ : W^^^ (0, oo) is a 
parametrized rational function ft{z) = = ^^^-j^^- 

One can check this equality by direct calculations. Even though verifica- 
tion is quite easy, it plays an important role in tropical geometry. 

In particular /< > take positive values on R^q = (0, oo)". Notice that 
/t(0) = may occur. 

Let {(^,(^t, ft) be the triplet as above, and M be the number of the com- 
ponents. Let us induce C° comparisons: 

Lemma 2.5. Suppose (f is uniformly bounded from both above and below as 
a < (fi{x) < b. Then ft admits uniform bounds: 

fM-^ < ft{z) < t^M. 

Proof: For any z G IR>0' denote x = 'Log^{z). By use of proposition 

2.4, we have the equalities: 

Then By lemma 2.1 we have the estimates: 

TM-^ < ft{z) < t^M. 

This completes the proof. 

Next let us induce comparisons. Let ip and be two (max, -|-)- 
f unctions so that the equality — ip — (f) holds. 
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Lemma 2.6. Suppose (1) (p is uniformly bounded from both above and below, 
and (2) 4> is hounded from below. Then any derivatives of ft are uniformly 
bounded from above, after change by troipcally equivalent one, if necessarily. 

Proof: The bounds a < Lp = "ij) — (j) <h hold by the assumption. 

Let us write ft = j^, where both ht and kt are polynomials parametrized 
by t > 1, which correspond to if) and respectively. 

By the assumption, there is some > so that the equalitiy cp' — 
mscK{—N, (j)) holds as functions. Then we may assume positivity kt{0) > 0, 
by change of (f) by 0' if necessarily, which corresponds to kt + t~^ . 

The uniform bounds of the range of ft implies that degrees of ht and kt 
coincide each other. Let us consider the derivative f! = — ^tt^. The both 

Jt kt kf 

terms have the property that the degree of the denominators are strictly 
larger than that of the numerators. 

These imply that the derivatives of ft are also uniformly bounded from 
above. This completes the proof. 

Notice that the higher derivateives can be considered similarly. In section 
5, we induce more detailed estimates. 

2.B State dynamics: In 2.B we study analysis of dynamical systems by 
relatively elementary functions. Let: 

be two piecewise-linear functions which admit their presentations by the 
relative (max, +) functions: 

■il){f) = max(Q!i + aif, . . . , aa+2 + da+2r) - max(/?i + hif, . . . , f5a+2 + &a+2r), 
= max(7i + cj, . . . , 7/3+2 + C/3+2O - max((5i + dj, . . . , 6/3+2 + di5+2l) 

where a, /?, 7, 5 G M, a, ft G ]R"+^ and c, d G MP^"^ are all constants. 

Later on we denote by M = max(M^,M0) and c = max(c^,c<^) as the 
bigger ones of the numbers of the components and the Lipschitz constants 
for t/; and respectively. 

Let us take initial sequences in M: 
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Definition 2.2. The state dynamics with respect to the pair (j)) are given 
by the discrete dynamics inductively defined by the iterations: 

where the initial values are given by = Xi and yl = for i, j = 0,1,2, .. . 



2.B.2 Compcirisons between iterated dynamics: Let {ipt, (t>t) be the 
tropical correspondences of the pair (V',^)- One can also consider another 
state dynamics by use of {ipt, (pt) instead of the pair. In fact we have uniform 
estimates of their orbits, which we describe below. 

Recall the dynamics of automata in the introduction. There are dynamics 
of the states yj behind the actions A^yO yi yjy Firstly let us start analyzing 
the orbits {yo}j, since their treatment is relatively simple compared with 

Let (/? : K" — > M be a relative (max. +)-function of n variables, with the 
number of the components M and the Lipschitz constant c. Let (ft be the 
corresponding function. 

Now we consider the dynamics of the states, and choose any initial data 
{xo,xi, . . .) G and yo G M. Then one considers two discrete dynamics 
defined inductively by the iterations for i > 0: 

Vi+i = viVhXi, . . .,Xi+p), 
y'i+i^Vt{y'i,Xi,...,Xi+f}) 

where y^ — y^- We denote Xi — {xi, . . . , Xj+^j) for simplicity of the notation. 
Let us put the polynomials of degree i: 

c'+i - 1 



c — i. 

Notice the equahty: 

cPi{c) + l^Pi+i{c). 
Lemma 2.7. The uniform estimates: 

\y^-y[\<P^-l{c)\og^M 

hold for all i >0. 
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Proof: Firstly the estimates \y[ - yi\ ^ \ipt{yo,Xo) - ^p{yo,Xo)\ < log^M 
hold by lemma 2.1. 

Next we have the estimates: 

lz/2 -^2! = \^(yi,xi) - (pt(y[,xi)\ 

< \'P{yi,xi) - (p{y[,xi) \ + \(p{y[,xi) - (pt{y'i,xi)\ 

< c|yi -y[\+ log, M < (c + 1) log, M 

Similarly we have the following estimates: 

lys-y'sl = \ Ay2,x2) -^4(1/2,^2)1 

< \^iy2,X2) - (p{y2,X2) \ + \(p{y2,X2) - iptiy2,X2)\ < [c(c+ 1) + l]log,M 

By iterating the same estimates, one obtains the conclusion. 
This completes the proof. 

2.C Basic estimates for orbits: The estimates for the dynamics of {xl}ij 
involve more complicated analysis. As preliminaries, we verify some general 
estimates which will be used later. 

For four sequences {pi}i, {q-'}j, {xi}i, {y^}j by real numbers, let us intro- 
duce the numbers: 

\{Pi,Xi}i;{q^,y^}j\ = sup{\pi-Xi\, \y^-q^\}. 
Let us take four sequences: 

{Pi }j,J>0, }ij>0, {X^i}i,3>a, {Vi}i,3>0- 

For the Lipschitz constants c, let us put: 

c = max(c, 1). 

The following type of the estimates are applied when we consider Mealy 
automata. The general cases are treated after this version. 

Lemma 2.8. Suppose these sequences satisfy the following estimates: 

\p'{^^ - xj+^l, - y^+il < cmax(|g,^ - \p^^ - x'^) + T 

for some T e M and c > 0. 

Then they satisfy the estimates for all i,j > 0: 
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In particular: 

(1) If they satisfy the same initial conditions: 

p^ = ^l qi = yi (^,J>0) 

then the uniform estimates hold: 

(2) If c < 1 holds, then Ipj"*"^ — xj^^l and \qi_^.l — yj+il are both uniformly 
bounded. 

Proof of lemma 2.10: We verify the conclusion by induction on i + j > 1. 
For i + j = 1, the estimates: 

bo -41, <cmax(|gO-2/o°l, \Po-4\)+T 

<T + c\{p'^,x^h;{qi,yiU 

hold. So the conclusion follows for i + j = 1. 

Suppose the conclusion holds for all with i + j < N, and take any 

with i + j ^ N >1. 
Firstly assume both i,j ^ 0. Then the estimates hold: 

_ i^j^^ _ ^^^j < cmax(|g,^ - -x\\)\T 

= P,+,(c)r + ?+^|{p°,x°},;{g^,|/^},|. 

Next suppose j — and i = A?" > 1. Then: 

km-^ml <cmax(|g°-2/°|, |pO-x°|)+T 
<cmax(P,_i(c)T + g-i|{p°,x°},;{g^,y^},U{p°,x°},;^ 
<P,+,(c)T + ?|{pO,x°},;{g^,y^},| 

since the estimates hold: 

We can treat the case i = by the same way. Thus we have verifyed the 
claim for i + j < N + 1. This finishes the induction step. 
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This completes the proof. 

Let us take four sequences {pi}i, {q^jj, {xi}i, {y^}j as before. Let a,(3 >Q 
be constants and put: 

7 = max{a, P). 

Now we verify the general version which can be applied to estimate the orbits 
of the state dynamics. The argument is more complicated. 

Proposition 2.9. Suppose these satisfy the following estimates: 

- -^r^l < cmax(|g,^ -yl\, \pl - :r^|, . . . , - a;^+„|) + T 

- yi+i\ < cmax{\qi - yl\,\pi - xl\, . . . , \pi^i^ - + T 



Then they satisfy the estimates: 

Proof: We spht the proof into several steps. 
Step 1: Firstly we claim that the estimates below hold by induction on i: 

\q^ - y^\ < P^-l{c)T + c'\{pI x^U {ql yi},\. 

For i — 0, the estimates \qQ — y^l < \{Pi, Xi}i; {?0)2/o}jl ^o\d by definition. 
Suppose the claim hold up to i > 0. Then: 

\qlr - yl,\ < cmax(|g° - y^\, \p^ - x% . . . , \pl^ - yl^\) + T 
< ciP,.^ic)T + ^\{plx',h■{ql,yl},\)+T 

<p^{c)T + ^^'\{plx^}r,{qi,yiU 

Thus they hold up to z + 1 . This verifies the claim. 
Then we have the estimates: 

\pI -xl\< cmax(|g° - |p° - . . . , - y^J) + T 
<c{P..^{c)T+~d\{plx%;{qiyiU)+T 
<mc)T + ff^'\{plx^h-{qi,yiU 
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Step 2: Next we claim that the estimates hold: 

\ql - yl\ < P^Mc)T + ff-'^^'lip^, x^h {qi, viU 
We proceed by induction on i. For i — 0, the estimates: 

hold by definition, since c > 1 holds. 

Suppose the above estimates hold up to z > 0. Then: 

|g-+i - < cmax(|g,^ - yl\, \pl -x]\,..., \p]^^ - x]+p\) + T 

< cmax(|g,i - yl\,PiM<^)T + c^+^+^|{/>°, {qi, + T 

< c{P,^p{c)T + c^^^-^'UpI {qi, + T 
= P,+0Mc)T + c'^^-^'lip^, {qi, yih\ 

where we used step 1 at the second inequalities. So the above estimates also 
hold for i + 1, and we have verified the claim. 
Then we have the estimates: 

\Pi - xl\ < cmax(|g,^ - y]l \p] - x]l .., \p]^^ - xj^J) + T 
< cmB^{P,+^{c)T + c'+^+i|{p°, x^h; {qi, yi},\, 

P,Uc)T + ~d^-^'\{pl xO},; {qi, yi}j\) + T 
= P,+,+i(c)T + c^+^+^lK, x^U {qi, yiU 

Step 3: Let us verify the estimates for the general case by induction on j. 
In step 1,2, we have verified the conclusions for j < 1 and all i > 0. 

Suppose the conclusions hold up to j — 1 > 1 and all i > 0. Firstly let us 
consider the pair {yj, ql). We claim that the estimates hold for alH > 0: 

The estimates \qi — yl\ < \{p^i,x^^}i;{qi,yi}j\ hold by definition. Let us 
proceed by induction on i. Suppose the above estimates hold up to i > 0. 
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Then: 

- yi+i\ < cmax{\qj - yj\,\p> - xj], . . . , - + T 

<cmax(P,_,+,(,+i)(c)T + ?+(^+i)(^+i)|{p°,x°}.;{g^,y^},|, 

So the estimates also hold for i + 1, and we have verified the claim. 
Then we claim that the estimates: 

\pi^' - xi^'i < i^+,(,+i)(c)r + x^u Wo, yih\ 

hold. This follows from the following: 

\pi^^ - a^r^l < cmax{\ql - yj\, - xl\, - xl^J)+T 
<cmax(P,_i+,(,+i)(c)T + ?+^(^+i)|{j9°,x°}.;{g^,l/^},|, 

i^.+.+0-i)(.+i)(c)T + ?+"+i+0--i)(7+i)|{pO^ ^0|. (5^, ^^}^.|) + T 
= P.+,(,+i)(c)r + {qi yiU 

Thus we have verified the claim under the induction hypothesis up to j — 1. 
This completes the proof. 

2.C.2 Uniform estimates between the orbits for Mealy automata: 

Let ip and be a pair of relative (max, +)-functions of two variables. Let 
c and M be the maximums of the Lipschitz constants and the numbers of 
their components respectively. 

Let ipt and (pt be the tropical correspondences to ip and (f) respectively, 
and consider the systems of the equations: 

xiij + 1) = ip{yiij),x{ij)), 

+ = (l){y{hj),x{i,j)), 

+ 1) = My'{hj),x'{hj)), 
+ = My'ihj),x'{i,j)). 

with the same initial values x'{i, 0) = x{i, 0) = Xi and y'{0,j) — y{0,j) — y^ . 
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Lemma 2.10. The uniform estimates hold: 

\x{l,J + l)-x\l,J + l)l \y{i+l^j)-y\i + l^j)\ < P,+^.(c) log, M. 

Proof: By lemma 2.1, both the estimates hold: 

\x{h3 + l) -x'{i,3 + l)\ = \i;{y{i,j),x{i,j))-'4^t{y'{i,3)^x'{i,j))\ 

< \'(Piy{hj),x{i,j)) - i^iy'ii,j),x'{i,j))\ 

+ \ij{y'{i,j),x'{i,j))-iJt{y'{i,j),x'{i,j))\ 

< cmax{\y{i,j) - y'{i,j)\, \x{i,j) - a:'(z, + log, M, 

\y{i + 1, i) - y'{i + 1, i) I = \(P{y{h j),x{i, j)) - My'ii, j),x'{i, 

< \<l>{yihj):x{ij)) - (t){y'{i,j),x'{i,j))\ 

+ \<P{y'{t,j),x'{t,j))-<Pt{y'{t,j),x'{t,j))\ 

< cmax(|y(z, j) - y'{i,j)\, \x{i,j) - a:'(z, + log, M. 

By applying lemma 2.10 for p( = x'{i,j), x{i,j) = xi, qj = y'{i,j) and 
yj = y{i,j) with T = log, M, one obtains the desired result. 
This completes the proof. 

2.C.3 Uniform estimates for the state dynamics: Now let us consider 
the general case. Let and be a pair of relative (max, +)-functions as in 
2.B. 

Let us choose the initial data {xi}j>o and {y-'}j>o respectively, and con- 
sider two state dynamics given by the systems of the equations: 

x{i,j + 1) = ip{y{i,j),x{i,j), ...,x{i + a J)) 

y{i + = Hyihj),x{t,j), ...,x{t + /3,3)), 

+ 1) = j), . . .,x'{i + a,j)) 

y\i + l,i) = ^t{y\%,3),x^{i,2), . ..x'{i + /3, j)), 

with the same initial values: 

x{i,0) = x'{i,0) = Xi, y{0,j) = y'{OJ) = y^ . 

We verify the following: 
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Proposition 2.11. The uniform estimates hold: 

\x{i,j + 1) - x'{t,j + 1)1, \y{t + - y'{t + < Pi+ji^+i){c) log.M. 

Proof: The proof is parallel to lemma 2.12. By lemma 2.1, one has the 
estimates: 

\x{ij + 1) - x'{i,j + 1)1 

= \'<P{y{hj),x{i,j), ..,x{i + a,j)) - iljt{y'{i,j),x'(i,j), .., x'{i + a,j))\ 

< \i^{y{hj),x{i,j), ..,x{i + a,j)) - 'il;{y'{i,j),x'{i,j), ..,x'(i + a,j))\ 

+ \i^(y'{h j), .., x'(i + a, j)) - ijjtiy'ii, j),x'(i, j), .., x'(i + a, j)) \ 

< cmax(|t/(i, j) - y'{i,j)\, \x{i,j) - x'{i,j)\, 

.., \x{i + a,j) + j)|) + logt M, 

|y(i + l,j)-y'(^ + l>j)l 

= \<l>{yii,j),x{i,j),..,x{i + /3,j)) - (j)t{y'{i,j),x'{i,j),..,x'{i + 

< \Hyih j) , x{i, j),.., x{i + p, j)) - (j){y'{i, j) , x'{i, j),.., x'{i + p, j))\ 

+ \(l){y'{i, j),x'{i, j), .., x'{i + /3, j)) - My'ii, j),x'{i, j), .., x'{i + j)) \ 

< cmax(\y{i,j) -y'(i,j)\,x{i,j)-,x'{i,j)\, 

..,\x{i + /3,j)-x'{i + /3,j)\) + \ogt M. 

By applying proposition 2.11 for = x'{i,j), x{i,j) = x^, ql = y'{i,j) and 
yj = y{i,j) with T — log^ M, one obtains the result. 
This completes the proof. 

2.C.4 Initial value dependence: Let 0, t/j and M,c be as in 2.B, and 
consider the state dynamics: 

xiij + 1) = i){y{i,j),x{i,j), . . . + a, j)), 
l,j) = (l){y{hj),x{i,j),...,x{i + /3,j)). 

Here we consider how the initial values influence on the long time behavioir 
of the dynamics. For / = 1,2, let {xi{l)}j>o and {y-'{l)}j>o be two initial 
data, and denote the corresponding solutions by {{xi{i, j),yi{i, j))}i=i_2 with 
xi{i,0) = xS) and yi{0,j) = y^{l). Recall |{a;,(l), a;,(2)},; {|/^(1), |/^(2)},| in 
2.C. 
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Lemma 2.12. The estimates hold: 

<gm-fKT+i)||^^(l)^^^(2)}.(^.(l),^.(2)}^.|. 
Proof: Let us consider the estimates: 

+ -a;2(«,i + i)| = 

. . . ,a;i(i + a, j)) - i^(y2(i,j),X2(i,j), ■ ■ .,X2(i + a,j))\ 

< cmax(\yi(i,j) - y2(i,j)\, . . . ,\xi(i + a,j) -X2ii + a,j)\) 

+ -y2{i + i,j) \ = 

\i^{yi{i,j)- ^^i(ij)^ --^xiii + !3,j)) - %lj(y2{i,j),X2{iJ), X2{i + I3J))\ 

< cmax{\yi{i,j) - y2{i,j)\, . . . ,\xi{i + /3,j) - X2{i + /3,j)\). 

Then by applying proposition 2.11 for — xi{i,j), = X2{i,j) and qj = 
yiihj)^ yl — y2ihj) with T — O, one obtains the desired estimates. 
This completes the proof. 

2.D Rational dynamics: Let cp : R"+2 R and ^ : ^^'^^ M be relative 
(max, +) functions as in 2.B, with the constants M and c as before. 

Passing through the scale transform in tropical geometry, one obtains 
two parametrized rational functions ft and gt with respect to ip and i/j re- 
spectively: 

ri^^l H \.f»^+2^a^+2 t^^w"^ ^ ^ t'"'+''W^f'+^ 

~ tl^^Z^^ H h t/3«+2^bc,+2 ' 9*^'^^ " fSiy^di _^ ^ ^&ii+2^dp+2' 

Let us take initial values: 

< 2;j < oo, Q < < oo 

for i,j = 0,1,2,... 

Definition 2.3. The dynamical system given by: 

+ 1) = ft{w{i,j),z{i,j), ...,z{i + a, j)), 
'wii + lj) = gt{w{i,j),z{i,j),...,z{i + /3,j)) 

is called the state system of the rational dynamics, where the initial values 
are given by z{i, 0) = Zi and w{0,j) — wK 
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Let ipt and (pt be the tropical correspondences to ijj and (f) respectively. 
Let us consider the state dynamics: 

+ 1) = ilJt{y'{i,j),x'{i,j), ...,x{i + a,j)) 
y'ii + ij) = (l>t{y'{i,3),x'{i,j),. . .x{i + 

with the initial values a;'(^,0) = \og^Zi and y'{0,j) = log^w^. 

Lemma 2.13. The equalities hold: 

x'{i,j) = \ogt z{i,j), y'{i,j) = \ogtw{i,j). 

Proof: This follows from Proposition 2.4. This completes the proof. 

2.D.2 Analysis on the equivalent dynamics for simple case: Compare 

the contents here with 2.B.2. 

Let ip^ and ip'^ be relative (max, +)-functions, which are mutually equiva- 
lent with thier Lipschitz constant c. Let M be the bigger one of the numbers 
of the components. 

Let gl and be the corresponding functions which are mutually tropi- 
cally equivalent (see definition 2.1). 

Let us take wo e (0, oo) and an initial sequence {zq, zi, . . .} G M>q by pos- 
itive numbers. Then one considers the rational dynamics defined inductively 
by the iterations: 

= gii^l, Zi, . . . , Zi+fs) (/ = i,2) 

with Wq — wq. Notice that these orbits take positive values. 
Lemma 2.14. The uniform estimates hold for all i > 0: 

Proof: Let us put Xj = log^ Zi and yo = log^ wq, and consider the discrete 
dynamics defined inductively by the iterations: 

yl+i = ^\yi, Xi,..., Xi+is), (y^i+i = (fiiy'i, Xi,..., Xi+p) 
with Uq = {uq)' = t/Q. The equalities: 

yl = yi 
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hold for all i > 0, since ip^ and ip"^ are mutually equivalent. 
By proposition 2.4, the equalities hold: 

{y% = \ogM (^ = 1,2) 
The following estimates follow from lemma 2.9: 

1 2 

log,{max(^, ^)} = I log, w;,^ - log, w^] = \{y')[ - (y^)'^ 

<\{y')[-yl\ + \yl-y-\ + \y--{y')[\ 

< 2P,_i(c) log, M = log, M^^-i^'^). 

Since log, are increasing, these estimates imply the desired one. 
This completes the proof. 

Later on we will use the notations: 

(— ) =niax( — , — . 
w' w' w 

2.D.3 Analysis on the equivalent dynamics: For / = 1,2, let {w^{l)}j>o 
and {zi{l)}i>o be sequences by positive numbers. 

Definition 2.4. The initial rate is given by the positive number: 

rr/ /,x i/,NX-,9 n Zi(2) W^l) wH2) . ^ ^ 

= tr^^^'^i^' iSTj- sjM^ ^ 

Let us put log, = Xi{l) and \og^ uj\l) = y^{l). Then the equality 
holds: 

\og,[{{z,{l),w^mU = |{x.(l),x,(2)},; {1/^(1), |/^(2)},|. 
For the later notation, see 2.C. 

Let (ip^^cj)^) and (■0^,0^) be paris of (max, +)-functions so that ip^ ~ 
and (f)^ ~ 0^ are mutually equivalent. We say that {il^^^cj^) and (■0^,(/>^) are 
pairwisely equivalent. 

Let and AI.^ be the Lipschitz constants and the numbers of the com- 
ponents for (p respectively, and put: 

c = max(c^i , c^2 ,0^1,0^2), M = max(M^i , My,2 , M^i , M^2 ) . 
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Let {ff,gl) and {ff,gi) be the relatively elementary functions with respect 

to (^\(/)^) and 

Let {w^{l)}j>o and {zi{l)}i>o be the initial sequences by positive numbers, 
and denote the solutions by {zj (/), wj (/)) to the state systems of the rational 
dynamics: 



with the initial values z'^{l) = Zi{l) and Wq{1) = w^{l) respectively 
Proposition 2.15. The uniform estimates hold: 



max(-^ 



i^'d) ^^(2) <,(2), 



^^(2)' <i(2)' 

In particular if the initial values are the same: 

z^{l) = z,{2), w'{l)=w'{2) 
then they satisfy the uniform estimates: 

£^ 4^ wum < ^2P.,,„„,(., 

^4+'(2)' <,(2)' <,(!)'- 

Notice that for the Mealy case (a = /3 = 0), ther rates are bounded by: 

Proof of proposition 2.17: Let us consider the solutions to the equations: 

+ 1) = i^l{y'i{i,j),x'i{i,j), . . .,x'i{i + a,j)) 
y[{i + 1, j) = (t>\{y[{i,j),x\{i,j), x'i(i + I3,j)) 

with the initial values Xi{i, 0) = log^ Zi{l) and y'i{0, j) = log^ w^{l) for / = 1, 2. 
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With the same initial values, let us also consider the solutions to another 
equations: 

xiiij + 1) = ^\yiiij),xi{i,j), . . .,xi{i + aj)) 

yi{^ + = 4>\yi{hj),xi{i,j), . . .,xi{i + /3,j)) 

with xi{i,0) = x'i{i,0) and yi{0,j) = y'liOJ). 

By proposition 2.13, the estimates hold for / = 1,2: 

\xi{i,j + 1) - x'i{i,j + 1)1, \yi{i + - y'lii + < Pi+j(j+i){c) log, M. 

On the other hand by lemma 2.14, the estimates hold: 

+ -X2{i,j + 1)\, \yi(i + l,j) -y2(i + l,j)\ 

<gm+.(T+i)||^^(l),^^(2)}.{^.(l),^.(2)},|. 

Thus combining with these, the estimates hold: 

Wi{i,j) -x'2{i,j)\ 

< - xi{i,j)\ + \xi(i,j) - X2(i,j)\ + \x2(i,j) - X2{i,j)\ 

< 2P,+(,_i)(,+i)(c) log, M + ?+^+(^-^)(^+^)|{x,(l), x,(2)},^ 

Iv'iihj) -y2ihj)\ 

< Iv'iihj) - yiihj)\ + Iviihj) - y2ii,j)\ + \y2ii,j) - y2{hj)\ 

< 2P,_i+,.(^+i)(c) log, M + c^+^M|{x,(l), x,(2)},; {^^'(1), y^-(2)},.|. 

Since log, = x'i{i,j) and log, = yi{i,j) hold by proposition 

2.4, these estimates verify the conclusions. This completes the proof. 

2.E Dynamical inequalities: Let (p-^ and (p'^ be relatively (max, +)-functions 
with M = max(M^i, M^2). 

Suppose they are mutually equivalent and so the equality c — c^i — c^i 
holds. Let us denote tropically equivalent functions by g\ and gl correspond- 
ingly. 

Notice that there are some cases where the inequalities g\ < hold. For 
example if ip'^ has the presentation as = max((/?^, ip^), then gl < gl = 2gl 
holds. 

Let us analyze orbits which admit dynamical inequalities. Here we start 
from the simple case as in 2.D.2. Let us take Wq e (0, oo) and an initial 
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sequence {zo,Zi,...} C (0,oo). Then consider the solutions to the 

equations with Wq — Wq: 

wl^i^ gl{wl,Zi,...,Zi+p). 

Lemma 2.16. With the same wq, suppose that another sequence {wi}i sat- 
isfies the dynamical inequality: 

gliwi, Zi,..., Zi+n) < Wi+i < gliwi, Zi,..., Zi+f^) 

for all i > 0. Then the uniform estimates hold: 

Proof: Let us put Xi = log^ Zi, yi = log^ Wi, y\ = log^ w\ and: 

•^i {p^ii ■ ■ ■ -I ■^i+fi)- 

Then the equations hold by proposition 2.4: 

y\+i = ^\{,y\, Xi) = Lp\{y\,Xi,..., Xi+p). 

Since log^ are increasing, the estimates hold: 

¥^l{yi,Xi) < yi+i < ipt(yi,Xi). 

Notice that the equivalent functions take the same values: 

(p\y,x) = ip^{y,x). 

Now we claim that the estimates: 

|y.-2/-|<2P.-i(c)log,M 

hold for all i > 0. For i = 0, yo = y^ holds. 

Let us take any i > 0, and divide into two cases. 

Firstly suppose yi+i > yl_^_i hold. Then the estimates hold by lemma 2.1: 

< yi+i - yl+i < ftiVi^^i) - ^l{yl,Xi) = \^'^t{yi,Xi) - (pl{yl,Xi)\ 
< \ip^{yi,Xi) - (p'^{yi,Xi)\ 

+ \^\yi,Xi) - ^\yl,Xi)\ + \ip\yl,Xi) - ^l{yl,Xi)\ 
<2\ogtM + c\yi-yl\. 
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Conversely suppose yi+i < yl_^_-^ hold. Then the estimates hold: 

< ?/■+! - Vi+i < <^l{yl,Xi) - ^livuXi) = \^l{yl,Xi) - ^l{yi,Xi)\ 

< I'Pliyhxi) - <^\yl,Xi)\ 

+ \v\yi,Xi) - ip^{yi,Xi)\ + \(p^{yi,Xi) - (pl{yi,Xi)\ 

< 2logt M + c\yi-yl\. 

Thus the estimates \yi+i — yj+il < 2 logj M + c\yi — yl\ hold in any case. 
By iteration, 

IVi+i - yl+i I < 2 logt M + c\yi- y] \ 

< 2 logj M + c{2 logj M + c|yi_i - y]_^\} 
= 2(1 + c) logt M + c'|yi_i - yl_^\ 
<■■■< 2Pi{c) log, M + c^lyo - ?/ol = 2P,(c) log, M 

hold, since yo = y\ = log, tWo- This verifies the claim. 

The left hand side is equal to \og.C^^)^^ and the right hand side is equal 

to log, M^-^'*^"). Since log, are distance increasing, we obtain the estimates: 

The estimates (^r^)^^ < M'^^^'^'^^ are obtained by the same way, and we 
omit repetition. This completes the proof. 

2.E.2 Dynamical inequalities for state dynamics: Let and 

(■0^, (j)^) be paris of (max, +)-functions so that ip'^ ~ i/j'^ and 0^ ~ 0^ are pair- 
wisely equivalent. Let {f},gl) and {ff,g^) be the pairs of the corresponding 
relatively elementary functions. 

Let us take the initial data {w^j^Q and {zi}i>o by positive numbers, and 
consider the solutions to the state systems of the rational dynamics: 

F\i,j + 1) = fl{G\t,j),F'{t,j), F\i + a, j)), 
G\i + 1, j) = g\{G\i,3), F\z,j), . . . , F\t + /3, j)) 

with F^{i, 0) = Zi and G"(0, j) = for / = 1, 2. 
Now we study the dynamical inequalities: 



35 



Theorem 2.17. Let us take another sequences {wl}ij and {zj}ij by positive 
numbers. Suppose they satisfy the dynamical inequalities: 

ft ('^i ) ■ ■ ■ 1 ^i+a) — —ft ("^i ' t ■ ■ ■ i ^i+a) 

gl{wl ,zl,..., zf^^) < wl^^ < glitvl ,zl,..., zf^^) 

with the same initial values z^ = Zi and Wq = . 
Then the uniform estimates hold for I = 1,2; 

Proof: Let us put pj = log^ zj and qf = logj . Then since log^ are 
monotone increasing, the estimates: 

^KqIpI ■ ■ ■ ,Pl+a) < Pi^^ < i'tiQlPl ■ ■ ■ ,Pl+a) 

<PliQlpi, ■ ■ ■,Pi+p) < qI+1 < (PtiQi^Pi, > • • • ,pi+p) 

hold by proposition 2.4, where p^ — Xi — log^ Zi and ql — y-' — log^ w^. 
Let us put: 

x'i{i,j) = \ogtF\iJ), y'i{i,j) = \ogtG\iJ). 

Then 0) = and y'i{0,j) = q^ hold, and they satisfy the state systems 
of the equations for i = 1, 2: 

x'lihJ + 1) = i^l{yi{hj),x'i{t,j), ...,x'i{i + a,j)) 

y'lii + = j), j), • • • , + 

We claim that the uniform estimates hold for Z = 1, 2: 

\x%j-\-l)-p^^\ + < 2P,+,(^+i)(c)log,M. 

Firstly suppose pj''"^ > Xi(i,j + 1) hold. Then the estimates hold: 

< pj'+' - x[{i,j + 1) = \pi+' - x[{i,j + 1)1 

< li^tiQi^Pl ■ ■ -^Pl+a) - '^Ky'iihj),x[{i,j), . . .,x[{i + a,j))\ 

< 21og, M + \ij\ql,pi, ■ ■ -^PUa) - i^\yi{h3), ■ ■ ■,x[{i + a,j))\ 

< 21ogjM + cmax(|g^ -y'i{i,j)\, \pi - x[{i, . . . ,\pi^^ - x[{i + a,j)\). 
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Conversely suppose p^"*"^ < x[(i,j + 1) hold. Then the estimates hold: 

< x[{t,j + 1) -p^+i = \x[{z,j + 1) -p^+'l 

<\i^l{qhpl,- ■ ■ ,pl+a) - i^Ky'iihj),x'i{hj), ■■■,x[{i + a,j))\ 

<2\og, M + \ij\qi,pi, ■ ■ ■ M+a) - i^'iy'iihj), ■ ■ ■,x[{i + a,j))\ 

< 2 logt M + c max( \qi - y[{i, \pi - x[{i, j)\, . . . , \pi^^ - x[{i + a, 

Thus in any cases, the estimates: 

\x[{i,j + l)- I < 2 log, M + c max( \qi - y[{i, . . . , \pi+a -x[{i + a, j) \ ) 
hold. By use of the similar argument, one obtains the estimates: 
14 (i, J + 1) - I < 2 log, M + c max( | g^' - (i, j) | , . . . , - ^ (^ + j ) | ) . 
By the same way one obtains the estimates for Z = 1, 2: 

< 21ogiM + cm&x{\ql - y'i{t,j)\, |p^' - x'i{i,j)\, . . . , - x'i{i + 

By applying proposition 2.11 for = x'i{i,j) and = v'lihj) with T = 
log, M^, one obtains the estimates: 

\x'i(i,j + l)-pi^'\, + < 2P,+,(^+i)(c)log,M. 

Thus we have verified the claim. 

Prom proposition 2.4, one has the inequalities: 

7 + 1 j 
I log, -TT^ r) I , I log, J I < log, M2^*+^(''+i) . 

By removing log, from the both sides, the conclusion follows. 
This completes the proof. 

Let us consider the case when the initial data take different values. Recall 
c = max(l, c). 

Let us consider the solutions to the state systems: 

F\i,3 + 1) = !\{G\i,3),F\i,3). . . . , F\i + a, j)) 
G\i + 1, j) = ci^{i,3)yii.3). • • • , F\i + /3, j)) 
and denote F^(i,0) = ^^(1) and ^^(0, j) = w\\). 
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Corollciry 2.18. Suppose another sequences and {zl}i^j satisfy the 

dynamical inequalities: 

fliwl zi,...,zU< zt' < f^iwi, zi,...,zi^J, 
gli^i, zi,..., zl^p) < wj^^ < gl{wl zi,..., zl^p) 

with z^ = Zi{2) and Wq = w^{2). 

Then the uniform estimates hold for I = 1,2; 

Proof: Let us consider another solutions to the systems of the equations: 

J\i,j + 1) = fl{K\i,j), J%j), J\i + a, j)), 
K\i + 1, j) = g\{K\iJ), J\i,j), J\i + /3, j)) 

with the initial values J\i,0) = Zi{2) and K\0,j) = w^{2). Then by propo- 
sition 2.17, the estimates hold for Z = 1, 2: 

(fH^^)"- 'Stxi!)" ^ M-.«c«..w[{(..(*).»,>(fc))}LJ^'"«''*". 

On the other hand by theorem 2.19, the estimates hold: 

4^^ ' ^i+i 



Then by multiplying these, one obtains the desired estimates: 



The desired estimates for { '^ j±i qj^-q obtained by the same way. 



This completes the proof. 
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Let us take two sets of functions {ft {l)}k, 1=1,2 and {gt{l)}k,i=i,2 such that 
they are all tropically equivalent respectively: 

Let c and M be the biggest numbers of their Lipschitz constants and the 
numbers of their components respectively. 

Suppose the sets of sequences ({w^ {^1 (0}j,j) satisfy the dynamical 
inequalities: 

gim^m, 4/3(0) < <i(o < g^{i){wi{i),ziii), zi^ii)) 

with ^0(0 = Zi{l) and wi{l) = w^{l). 

Corollciry 2.19. Supppose the above conditions. Then the uniform estimates 
hold: 



Proof: Let {F^{i,j),Gl{i,j) be as in theorem 2.19. Then the uniform 
estimates: 



On the other hand by proposition 2.17, the uniform estimates hold: 

F/(z,j + l) ^1 , G\{t + 
^Fi{i,j + 1)^ ' ^Gl{z + l,j)^ 

Thus combing with these estimates, we obtain the following: 



^^^■+^(2)^ ^Fi(z,j + 1)^ 'Fi{i,j + iy ' zi+'ii) ' ' 

We can estimate by the same way. This completes the proof. 
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3 Asymptotic comparison for PDE 



3. A Rough approximations by discrete dynamics: Let us describe our 
general procedure to approximate solutions to the systems of PDE by the 
state systems of rational dynamics. 

Let /t = and = ^ be relatively elementary functions of a + 2 and 
(3 + 2 variables respectively, where at,bt,Ct,dt are all elementary. Let us 
consider the state systems of the rational dynamics: 

4^^ = ft{wi,zi,...,zl^J, 
= ^tK,^•,•••,^•+;3)• 
We will be interpreted the dynamical systems as the approximations of the 
systems of the partial differential equations as below. 

Let us choose constants < e < 1. Let us consider a C^'^^ function 
u : [0, oo) X [0, oo) — > (0, oo), and take the Taylor expansions: 

u{x + ie,s + je) = u + ieu^ + jeus H ^'^'^^ 2~^^* 

+ ye H \ H T-Uf,s 



where s) — < (|i| + \ j\)e hold. 

Let us introduce the change of variables by: 

X s 

i = -, i = u{x,s) = z{i,j), v{x,s) =w{i,j) 
Then we take the difference, and insert the Taylor expansions: 

4 ~ fti'^iJ 5 • • • ? 4+a) 

— u{x, s + e) — ft{v{x, s),u{x, s), . . . , u{x + ae, s)) 

_ Plje, t, U, V, Us, Mx, • • • , M/^x) + Rlje, t,U,V,..., 

bt{v{x, s), u{x, s), . . . , u{x + ae, s)) 
= Li(e, t, u, v,Us,..., u,^x) + e''^^Ei(e, t,u,v,..., {wa(Cij)}a,ij)- 
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where Pi and Ri are polynomials, and each monomial in Ri contains deriva- 
tives of u of order ^ + 1. 

Similarly we have the expansions: 

wj+i- 9t{wi,zi,---,zi+i3) 

= v{x + €,s)— gt{v{x, s),u{x, s), . . . , u{x + /3e, s)) 

_ P2{e, t, U, V, U^, Vx,---, U^:,) + R2{e, t,U,V,..., M(^+l)a;(gO) 

dt{v{x, s),u{x, s), . . . , u{x + Pe, s)) 
= L2(e, t, u, V, Ux, Vx,..., u^x) 

+ e'^+^E2(e, t,U,V,..., {lia(e(,-)}a,ij, {vMj)}-a,i,j) 

where each monomial in Ri contains derivatives oi u oi v of order /u + 1. 

We say that Lj and Ej are the leading and error terms respectively. 

Once one has chosen a pair of relatively elementary functions [ft, Qt), then 
the above process determines a system of PDEs Pi = P2 = 0, while tropical 
geometry provides an automaton given by (max, +) functions (if), 0). So the 
pair {ft, Qt) plays a role of a bridge to connect between systems of PDEs and 
automata. 

Conversely a pair of (max, +) functions ('0, 0) and the order determine 
the parametrized systems of PDEs: 

Pl(e, t, U, V, Ux, Us, U2x, • • • , u^x) = 
P2(e, t, V, U, Ux, Vx, U2x, u^x) = 

which are called the induced systems of partial differential equations oi order 
H, with respect to the pairs {ijj, (p). 

Remark 3.1: In this paper we treat systems of PDEs with the same order. In 
particular the Mealy systems are of first order. However a general construc- 
tion produces systems of PDEs with various orders, where say Pi has order 
^i and P2 order ^2- In such cases we will have to choose different scaling 
parameters as z = ^ and j — j^. Such cases are treated in [K3] in a general 
form. 

3. A. 2 Mealy automaton: Let us consider the Mealy dynamics given by: 

+ 1) = 'ip{y{hj),x{i,j)), y{i + l,j) = (p{y{i,j),x{i,j)). 
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Let ft and gt be relatively elementary functions corresponding to ip and (/) 
respectively, and consider the systems of the rational dynamics: 

Definition 3.1. The induced first order systems of the equations: 

eus^ ft{v, u) - u, 
evs^ gt{v,u) - V 
are called the hyperbolic Mealy systems. 

Notice that the error term are the foUowings: 

respectively. 

3.B Higher distorsions: Our main interest here is to study analysis of 
asymptotic growth of solutions to different PDEs with respect to higher 
derivatives and initial conditions. In this paper we study globally rough- 
analytic behaviour of positive solutions to systems of PDEs, in terms of two 
data introduced below. 

Let ft and gt be relatively elementary functions of q;-|-2 and 13+2 variables 
respectively. 

(A) Let u,u',v,v' : [0,oo) x [0,oo) — )■ (0, oo) be four functions. The 
initial rate of the pairs with respect to e > is defined by: 

[{u,v):{u',v% 



u , , u' 



max[ sup max{ — (x, s), — {x,s)}, 

(a;,s)e[0,oo)x[0,e] ^ ^ 



sup max{—(x,s),—{x,s)}]. 

(x,s)G[0,e]x[0,oo) '^^ '^^ 

(B) Let {u, v) : [0, oo) x [0, oo) — )> (0, oo)'^ be a pair of functions of 
class. We introduce the pointwise norms by: 

S^P(a:,s)6{x}x[s,s+e] I ^M+T^ I •s)] > Ol > 1, 



^^^P{x,s)e{x}x[s,s+e] I^M+T^|(a;, s)], a — 0, 
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max[sup(^ I^^Kx, s), 



{^,v)\\l^f^{x,s) = < 



SUP(a;,s)e[j;,j;+e]x{s} I^FFr|(a;, S)], /3 > 1, 



1 9(^+1^1/ x-i 

^SUP(j;^S)g[3;^3. + e]x{s} \ ^^\{X, S)\, 

The higher distorsion is given by: 



K{u, v) 



sup max 



The error constants C is the minimum number so that the pointwise 
estimates hold for any functions v independently of e and t: 

|Ei(e, t,U,V,..., {Ua{^ij)}a,i,j) I {x, s) < C\\ {u, v) Wlai^, s) , 



Example 3.1: For the Mealy case, the error constant is C = |, and we have 
the foUowings: 



sup 



x,s), 



{x,s)&{x}x{s,s+e] 9"^^ 
K^)IIm,/3=^ ^ ^SUp I — 



3.C Asymptotic comparisons: Let us take four relatively elementary 
functions p and g^,g^ so that ~ p and g^ ~ g^ are tropically equiv- 
alent mutually. For Z = 1, 2, let: 

Pl{e,t,u,v,Us, . . .,u^^) = 0, 



Pl{e,t,u,v,v^, ...,u 







be the induced systems of PDEs of order fj,. 

let M be the largest numbers of their components. 
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Theorem 3.1. For I = 1, 2, let C be the bigger one of their error constants. 

Let {u\ v'-) : [0, oo) x [0, oo) — )> (0, oo) be the solutions to the above systems 
respectively, so that the estimates: 

0<CK{u\v^) < il-S)e-^ 

are satisfied for some positive 5 > 0. 

Then they satisfy the asymptotic estimates for all {x, s) e [0, oo) x [0, oo); 



where No is any integer with Nq > max{6^^, 2 — 6). 

Proof: Let us choose < a, 6 < 1, and put the domain lattices by: 
L,{a, h) = {( {h + a)e, (^2 + 6)e ) e [0, oo) x [0, oo) : h, h G N}. 
Let us put: 

zl{l)=u\{i + a)e, {j + b)e), 
wi{l) = v\{i + a)e, ij + b)e) 

and consider the Taylor expansions: 

zi'-'{i)-fi{wf{i),zm,...,zi^^{i)) 

= Li(e, t, u\ v\ u[,..., u\^) + e'^+^Ei(e, t, u\ v\ . . . , WMj)}a,i,j), 

wl,{t)-gt{wi{t),4{l^,...,4^,{t}) 

= L2{e,t,u^,v^,u[,vl,...,ul^) 

+ e^+'E,{e, t, u\ {ul{C^)}-a,„ 

By the assumption, both the leading terms satisfy the equalities: 

L[{e, t, u\ v\ lit, . . . ) = 0, 4(e, t, u\ v\ <,...) = 0. 

Moreover the error terms satisfy the estimates: 

\E\{e,t,u\v\...)\{x,s) < CK{u\v^) u\x,s + e), 
\Y}^{e,t,u\v\...)\{x,s) < CK{u\v^) v\x + e,s). 
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Then combining with these, one obtains the estimates: 

\zt'(l) - fiiwlil),ziil), . . . , zl^m < e^^'\E,ie, t, u\v\... , )| 
<eCK{u\v')zt\l)<{l-5)zl^\l), 

Ki(0 - gtiwm.m. • • • , ^^,(0)1 < e>^^'\M^, t, u\ v\ . . 01 
<eCK{u\v')wlS)<{'^-^)^US)- 

In particular there is some integer A^o > max(5~^, 2 — 5) so that the inequal- 
ities hold: 



^gt{wi{l),4{l), zlp{l)) < <,(/) < No9t{wl{l),zl{l\ zi^^il)). 

Now and N^f are both tropically equivalent to /, with the bounds 
max(M^^,MAro/) < NoMf. Then it follows from corollary 2.21 that the 
uniform estimates: 

where {x, s) = ((i + a)e, {j + b)e). 

Since the right hand side does not depend on a, b, one obains the uniform 
estimates: 

This completes the proof. 
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4 State dynamics and their scale transforms 

4. A Automaton: Let us recall the state dynamics. Let S and Q be finite 
sets called the alphabet set and the state set respectively. Let a, /3 > and 
consider a pair of functions: 

ip-.Qx S, (p-.Qx S^+^ Q 

where we call as the output map and as the transition map. In this paper 
we call such a pair of functions as an automaton. 
Let: 

Xs = {k={ko,h,...):heS} 

be all the set of onc-sidcd strings of infinite length. Then each state q & Q 
induces a continuous map: 

A, : X5 ^ Xs 

given by: Ag(A;o, A^i, . . . ) = (/cq, A;^, . . . ), where k[ are inductively defined as 
below with qq — q: 

K = 1p{qi, ki, . . . , ki^a)j qi+l = ki^ . . . , kij^p). 

We call it the state dynamics with respect to A. 

4. A. 2 Automata groups: A Mealy automaton A over S is given by two 
functions of the form ([GNS]): 

il^:QxS^S, (t):QxS^Q 

which is a special case of the state dynamics. 

In this case the state dynamics are given by Aq{ko, ki, . . .) — {kg, k[, . . .), 
where k^ are inductively defined with qo — q: 

K = ip{qi, ki) , qi+i = k^) . 

Notice that the Mealy dynamics induce the level-set actions as A^ : X^'^^ 
X^+\ where 

x^+^^{¥ = {koM,---,kN):heS} 

are the set of words of length + 1. 
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Let m — ]),\A\ be the cardinality of S, and be the rooted regular m- 
tree. The set of all vertices of can be identified with = Un^^. Thus 
give the actions: 

Let us say that A is invertihle, if il){q, ) : S = S arc one to one and onto 
for all q E Q. An invcrtibc automaton A gives automorphisms A^ : T„j = T^. 

Definition 4.1. Let A be invertible. The group generated by the set of states: 

G{A) = gen {A, : ^ : ? e Q} 
is called the automata group. 



Remark 4-1-' (1) Automata groups are subgroups of Aut(Tm). 
(2) General state dynamics give the maps as Aq : dT^^ — >■ dT^. 

Later on we will always assume that Mealy automata are invertible, and 
both S and Q are subsets of the real number: 

5, g c M. 

For = {q^ = ...,q^):q'e Q}, let us put: 

AqL = Aqi O . . . AqO : = 

If we denote A^z,(A;o, /ci, . . . ) = (Ajq , , . . . ), then the state dynamics 
given by the Mealy automata are exactly given by A^l, so that {kl}i,j are 
the orbits given by the state dynamics with the initial data g^, . . . ) and 
{ko.ki,...). 

4. A. 3 Generalization of Mealy automata: One of the most basic prop- 
erties commonly shared among all Mealy automata is that the groups are 
residually finite, since their restrictions induce the level- set actions. Here we 
consider a canonical generalization whose groups are not necessarily the case, 
which arise from the state dynamics. 

Let us consider an automaton A given by the two functions: 



47 



and consider the corresponding state dynamics : Xg — >■ Xs for each 
q & Q. Aq : dT„i — > dT^ does not induce level-set actions in general. 

Let us say that A is invertible, if A^ : Xs = Xs are isomorphisms for all 
q E Q. An invertibe automaton A gives automorphisms A, : dTm = dTm, 
and the group generated by the set of states is also denoted by G{A): 



which is a subgroup of the boundary automorphism group Aut(5r^). 

Example 4-1-' The following automaton is not Mealy, since dynamics are not 
determined by every level set of the trees. 

Let us choose a = 1. Let S = {so,si} and Q = {5°,^'^}, and eo be the 
permutation between two elements. Let us consider the functions: 



where s, s' e S. 

Lemma 4.1. The state dynamics by this automaton is invertible. 

Proof: Let us consider ip{q^, , ), and suppose {q^,s,t) {q^,s',t'). 
The equalities ■0(9°, t) — '4>{q^, s', t') hold only when (s, s') — (si, Sq) or (sq, Si) 
and t ^ t'. 

On the other hand at the next level, = (l){q'^ , s' ,t') — q^ hold, 

and so: 



This implies AgO : dTm dTm is injective. 

Since ip{q^, , ) does not depend on the second variable, injectivity of 
Aqi : dTjn — > dTjn follows from the one of A^o. 

Let us consider surjectivity, and take any {x'q, x[, . . .) G Xs- We seek for 
some elements {xq, Xi . . . ) G Xs with Aq{xo, Xi, . . . ) = (zq, x[, . . . ). Notice 
that the states change periodically as {q^,q^,q^,q^, ■ ■ ■) or {q^,q^,q^, . . .). 

Both cases can be considered similarly, and we treat the first case only. 
Firstly we choose X2i+i — a;2i+i + 1 "lod 2 for all i >0. Then we can choose 
X2i uniquely so that the equalities ■0(9°) ^2i, a^2i+i) = hold for all i. Thus 
Ag are surjective, and so they are isomorphisms. This completes the proof. 



G(A) = gen {A, : dTm ^ dTm : q e Q} 




(f){ , s, s ) = eo 
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4.B Extensions of automata: Let Q, 5 C R be finite sets, and choose an 
automaton ^ : Q x S"+^ 5 and : Q x 5^+^ Q. 
Let: 

: M X M°+^ ^ M, : M X M^+^ ^ M 

be two maps. 

Let us say tliat tlie pair of functions {ip, (p) extends tlie automaton, if 
their restrictions coincide with each other: 

iP\Q X 5"+^ = i;, (P\Q X S^+^ = (f). 

Conversely if there are finite subsets Q, S* C IR so that their restrictions 
of the pair of functions (V^, 0) induce the functions: 

i) = ^:Qx 5°+^ ^5', (P = 4>:Qx S^+^ Q 

then we say that {i/j, (j)) restricts to an automaton (-0, 0). 

Notice that if a pair of bounded functions induces maps as: 

ip-.Zx Z°+^ ^ Z, : Z X Z^+^ Z 

then they restricts to some automaton for some Q,S cZ. 
4.B.2 Lamplighter group: Let: 

ij : {q'^,q^} X {so,Si} ^ {so,Si}, ^{q^ , )^id,ip(q^, ) = e, 
0:{g°,g^}x{so,si}^{g°,g'}, 0( (i = 0, 1) 

be the pair which gives a Mealy automaton A. It is known ([GZ]) that the 
associated automata group is isomorphic to the Lamplighter group which 
acts on the rooted binary tree. 

Let us extend the automaton to a a pair of (max, +)-functions as below. 
Let us put q^ = Sq = and = Si = 3 G Z. 

Now consider the piecewise-linear functions: 

P{k) = - max(-3, - max(0, -3{k - 2))) , 
Q{k) — — max(— 3, — max(0, 3(^ — 1))). 

Then an extension of the pair (ip, (p) is given by the function: 

V'lg, s) = max(P(s), Q(s - q)), (p{q, s) = Q{s) 
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as maps from 1? to Z. 

The extension (■0, 0) holds the following properties: 

(1) They are constants on the intervals [—1,1] and [2,4]. Namely the 
extension satisfies stability defined in 4.C 

(2) They are bounded. 

Now let us put the functions: 

The tropical pair of the rational functions {ft,gt) is given by: 

gt{w, z) = q;_3(^), z) = aQ^z'^) + a^z{zw~^)). 

The induced system of the partial differential equations is given by: 
e^s = ft{v, u) - u, ev^ = gt{u) - v 
where ft and gt are as above. 

4.B.3 Extensions by relatively (max, +)-functions: Let : — )■ Z be 
a map. Let us note that there are two canonical ways of the extensions: 

(1) By connecting these integer values by segments, one can extend (p 
straightforwardly to a piecewise linear map: 

(2) If (/? : Z" — > Z is equipped with its presentation as a (max, +)-function, 
then it is canonically extended as a map (p : — )■ M. 

For our purposes in this paper we will choose the method (2) above. 

Lemma 4.2. Let us consider a Mealy automaton '■ Qx S ^ S, (f) : QxS ^ 
Q with Q, S (ZM.. Then there is a bounded extension: 

V^:MxM^M, 0:MxM^M 

so that both functions ip and are represented by relatively (max, +) -functions. 
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Proof: We construct local cone extensions inductively. 

Step 1: Let {■1711,1712,1713} G Q x S he three points which are mutually 
different, and consider the triangle A C whose vertices are given by: 

Oi^{mi,i;{mi)) e (z = 1,2,3). 

Let /j C A be segments whose end points are Oi and Oj+i mod 3. 

Let us choose planes Li which contain k so that they are represented by 
graphs of affine linear functions : ^ M as 

Li = {{xi, X2, (Pi{xi, X2)) : {xi,X2) e R^}. 

Let 5' G A be the barycenter, and / : [0, 00) be the half lines starting from 
g which are vertical to in = x R. Exactly there are two choices lb 
and la which go below or above to A. 

For i = 1, 2, 3, let and be another planes which contain /j and inter- 
sect with Ih and at lfj(t) or la{t) respectively. So three places {L\, L2, L'^} 
intersect at one point lb{t). Similar for a. We will choose these planes with 
sufficiently large t » 1. Let ip^ and (p^ be their representations by relative 
(max, +)-functions. 

Now we have two types of the cones: 

graph max{(p\,'pl,ipl) 

and Ca are similar. Cb are concave and Ca are convex. Notice that we may 
choose arbitrarily sharp slopes of the cones. 

Let us choose a large C with C > max.{\ip{m)\ : m E Q x S}. Let cp be 
another affine linear function whose graph contains A. 

Now we put the bounded functions: 

ipA = -max(-C, -max(v9,v9i,¥?2.(/53)), 

-02, = max(-C, - max{-ip, -cp'^, -p\, -^Jg)). 

Notice that both graphs contain A. 

Step 2: Let us order all the points {m_i, mo, mi, m.2, . . . , m^} = Q x S, 
so that there are families of two dimensional poly topes Mj such that: 

(1) Mj are given by unions of Mj_i with a single triangle Aj which contain 
the vertices m^ and 
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(2) Mj do not contain the sets {mj+i, . . . , mi}. 

Now we inductively construct relaive (max, +)-functions ^/ij : — > R so that 
the equahties: 

hold for all 1 < /c < i. 

We have constructed ifj^ = -0^^ by Step 1, with Ai = A. 
Suppose we have obtained i/^i, and let us construct i^i+i. Let us divide 
into two cases: 

Suppose ipilrrii+i) > il^lrrii+i). Let V'Ai+i be as in Step 1. By choosing 
sufficiently sharp slopes, we may assume that the estimates: 

hold for all 1 < < i. Then we put the bounded function by: 

V'j+i = -max(-V'i,^j, -'00- 

Next suppose ipi^nii^i) < '0(mj+i). Let "^Ai+i be as in Step 1. Again by 
choosing sufficiently sharp slopes, we may assume that the estimates: 

hold for all 1 < < i. Then we put the bounded function by: 

V^j+i =max(V'A,+i,'0i)- 

In any cases -i^j+i above satisfy the desired properties. This finishes the 
induction step. This completes the proof. 

4.C Stability and extensions: Let us itroduce stability under iterations 
of maps and study their long-time bahaviours. 

Let Q, /S" C M be finite sets, and consider a map : Q x S°- ^ S with its 
extension (y? : M x ^> M. 

Definition 4.2. : M x M" — >■ R is stable with respect to (Q, S), if there are 
< 5 < 1 and < /J, < 1 so that the estimates hold: 

My,x) ~ ip{q,s)\ < ^ d{{y,x),{q,s)) 

for any {y, x) e M x M" and {q, s) e Q x S°' with d{{y, x), {q, s)) < S. 
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Notice that ip is (5', /x)-stable for all < 5' < 5, whenever it is (5, //)- 
stable. 

Let A be an automaton given by a pair of two functions ip : Qx 5""+^ — > 5" 
and (f) : Q X S'^'^^ Q. A stable extension of A is given by two stable 
extensions of the functions: 

V' : K X R, (/p : R X MP^^ R. 



Examples 4.1: {1)^1): MxM°+i ^ E is a stable extension of : Qx5°+i S 
with /I = 0, if it is locally constant on small neighbourhoods of each (g, s) e 
Q X 

(2) V : X M ^ R is a stable extension of : Q x 5* ^ 5, if it is of the 
form with \oLq^s\ + \l^q,s\ < 1 on small neighbourhoods of each (g, s) e Q x S: 

ijj{y, x) = aq^s{x -s) + /3q^s{y -q) + i^{q, s). 

Proposition 4.3. Let Q,S gM. be finite sets and 0) be an automaton: 

ij-.QxS^S, (j):QxS^S. 
Then there is a bounded and stable extension: 

V^:MxM^M, 0:MxM^M 
so that both functions ip and (f) are represented by relative (max, +) -functions. 

Proof: The proof consists of a minor modification of lemma 4.2. 

Let us choose disjoint union of squares in so that each square contains 
unique point {q,s) & Q x S in its interior. Let us denote such square by 
D{q, s) C M^. 

Firstly let us put locally constant functions by: 

i^{y, x) = ^{q, s) , ^{y, x) = (f){q, s) 

for {x, y) G D{q, s). This determines functions ip and on U(g,<j)gQx5-D(g, s). 

For the rest, one can follow the same argument as the proof of lemma 
4.2, and extend the domains of these functions inductively. 

We omit the repetition. This completes the proof. 
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4.D Stablity and state dynamics: Let Q,S C R be finite sets, and 
consider an automaton A defined hy if) : 5*"+^ — ?> S and (f) : Qx S^^^ — )■ Q. 
For each q & Q, let Ag : Xs — )■ Xs be the continuous dynamics given by: 

Ag(fco, ki, . . .) = (/cq, k^, . . .), 

K = V^(?i5 fcj, • • • , ka+l), Qi+l = ^i, . . . , kp+i) 

with qo — q. For a sequence = {q^ ,q^ , . . . ,q^), let us denote the composi- 
tions of the corresponding dynamics A^i = A^; o • • • o A^o : Xs — >■ Xs- 

Let us introduce the space of the real sequences: 

X^ = {x = {xq.Xi, . . .) : e M} 

and equip with the uniform distance between two elements x = (xq, xi, . . . ) 
and x' = (xq, x'l, . . . ) e X^ by: 

(i(a;,x')= sup — a;^| e [0, oo] 

0<i<oo 

Let: 

: M X K, : R X ^^^^ R 

be a stable extension of A with the constants (5, ji). For each y G IR, let us 
extend the above dynamics as A^^ : X-g^ — >■ X-g^ given by the same rule: 

A.y{xQ^ X\, . . .) — (xq, X]^^ ■■■)■, 

x'i = IpiVi, Xi,..., Xa+l), Vi+l = (piVi, Xi,..., X/s+i) 

with Hq = y. For = {y^, y^, . . . , y'-) G M'"*"^, we put: 

Ayi = Ayi o • • • o Ayo : ^ Xg. 

This is exactly the state dynamics in 2.B. 

For finite sequences G -^q^^ and ?/' G -^4^^, we also equip the same 
uniform norms by y'-) = supo<j<; \q^ — U''] G [0, oo). 

Lemma 4.4. Let us choose pairs of the sequences, y^ G M'^^ with (f G Xq^^, 
and X G with k G so that they have bounded distances by < 6 < 1 
from each other: 

d{x,k), d{y,q) < S. 
Then the estimates hold: 

d{Aq{k),Ay{x)) < 6. 



54 



Proof: We split the proof into two steps. 

Step 1: Firstly let us consider the case / = 0, and put i/q = y^{= i/q). 
d{(f,y^) < S hold by the assumption. So let us verify the estimates: 

d(qi+i,yi+i), d(kl,x'i} <5 

by induction on i = 0, 1, 2, . . . 

Let us start from the former estimates, and suppose they hold up to i. 
Then we have the estimates: 

d{qi+i: Vi+i) = d{(l){qi, . . . , kp+i) , (l){yi, Xi, . . . , kp+i)) 
< jjL max {d[qi,yi),d{kj,Xj)} < ^5 < 5. 

i<j<l3+i 

So it holds also at i + 1. Thus d{qi, yi) < 5 hold for all i by induction. 

Next let us consider the latter estimates. By use of the former ones, we 
have the desired estimates: 

d{k[, x'i) = d{ip{qi, ki,..., ka+i),^{yi, Xi, . . . , ka+i)) 
< n max {d{qi,yi),d{kj,Xj)) < 5. 

i<j<a+i 

Thus we obtain the bounds: 

d{Ago{k),Ayo{x)) < S. 

Step 2: Let us replace the pairs {k,x) by {AqQ{k) , AyQ{x)) and {q^,y^) 
by {q^,y^) in Step 1. We apply the same process and obtain the estimates: 

d{Agl{Ag0(k)),Ayl{Ay0{x))) K 5. 

By iterating this process / times, one obtains the conclusion. 
This completes the proof. 

4.D.2 Change of automata structure: For 1 — 1,2, let: 

: V' : Q X 5""+^ -> 5, 0^ : Q x S^+^ Q 

be two automata. For each q & Q, let (A;)^ : Xs — )■ Xs be the continuous 
dynamics and denote {Ai)g{ko,ki, . . .) — (A;q(/), A;^(/), . . . ), where A;^(/) are 
inductively determined by: 
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with go(0 — It happens quite often that two different automata Ai and 
A2 give the same dynamics. In such situation, the equahties always hold: 

{k',{l),k[{l),...) = {k',{2),k[{2),...) 

while the state sequences may differ from each other: 

(g°(l),gi(l),...)^(g°(2),gi(2),...). 

Definition 4.3. Let us say that Ai and A2 are equivalent, if they give the 
same dynamics in the sense as above. 

Let C Q be a subset. If the equalities (Ai)g = (A2)q hold for all q & R, 
then we say that Ai and A2 are equivalent over R. 

Let us give stable extensions of Ai and A2 by relative (max, +) functions 
{(p^jip^) and respectively. 

Let us consider the corresponding state dynamics: 

xiihj + 1) = ^\yi{hj),xi(hj)^ • • • , + 
yiii+ij) = (t>\yi{i,3),xi{i,j),...,xi{i + I3,j)) 

with the initial values x{l) = {xi{l)}i and y{l) = {y-^{l)}j respectively. For 
Z = 1, 2, let us denote: 

x^{l)^{xi{0,j),xi{i,j),...)ex^. 

For an infinite sequence q = {q^,q^, . . .) G Xq, we denote its restrictions 
asq^^{q^,q\...,q^)eX'+\ 

Corollary 4.5. Suppose the following conditions: 

(1) There exist subsets R <Z Q so that Ai and A2 are equivalent over R. 

(2) The initial data satisfy the uniform estimates: 

d{x{l),k), d{y{l),q) < 5 

for some k G Xs and q G X^ for I = 1,2. 

Then the uniform estimates hold for all < j < 00; 

d{ x^{l), x^{2) ) < 25. 
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Proof: The condition (1) implies that the equahties: 

(Ai),-< = (As),-. -.Xs^Xs (/ = 0, 1, 2, . . . ) 
hold for all e X^^^ . Let us denote: 

Aq,- 0---0 Aqo(A;o,A;i,...) = (A;^, ^j, . . . ) = 
By lemma 4.4, the estimates: 

d{x\l),¥) < 5 
hold for / = 1, 2. So the estimates: 

(i(x^(l),x^(2)) <d{x^{l),'y) + d{x^{2),k^) < 26 
hold. This completes the proof. 

Remark 4- 2-' In particular for two different stable extensions of the same 
automaton, we can still apply this and obtain uniform estimates between 
their orbits. 

4.D.3 Uniform estimates for stable dynamics: Let: 

A:i;:Qx 5"+^ S, : Q x S^+^ Q 

be an automaton, and choose stable extensions with the constants {5, fj): 

i/j-.Rx W^-^^ ^ M, : R X R^-^^ R 

represented by (max, +)-functions. Let {ipt,(t)t) be the tropical correspon- 
dences to ('0,0), and M be the bigger one of the numbers of their compo- 
nents. 

Let us consider the corresponding systems of the state dynamics: 

+ 1) = 'il'iyiij),x{ij), ...,x{i + a,j)), 
y{i + = <P{y{hj),x{i,j), ...,x{i + 13, j)), 

+ 1) = Aiy'ihj),x'{i,j), . . .,x'{i + a, j)), 
y'{i + = (l)t{y'{t,j),x'{ij), . . .,x'{i + /3,i)) 

with the same initial values x — {xi}i and y — {y^}j respectively. 
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Lemma 4.6. Suppose tQ» 1 satisfies the estimates: 

1x5 + 2 logjQ M <5. 
Then for all t >to and any initial data with the uniform bounds: 

d(x,k), d{y,q) < - 

for some k e Xs and q e Xq, their orbits satisfy the uniform estimates: 

- x'{t,j)\, \y{t,j) -y{t,j)\ < -. 

Proof: Step 1: The first condition can be realized for sufficiently large 
to » 1, since // < 1 holds by stability assumption. 

Let us denote the orbits by {{kl}, {qj}) determined by: 

with the initial values k and q as above. By lemma 4.4, the uniform estimate: 

\x{hj)-ki\, \y{i,j) - qi\ < ^ 

hold for all 

Let us consider the case y{i, 0) and x{i, 1). 

y{0, 0) = y'{0, 0) hold by the assumption. So let us verify the estimates: 

%'(^+l,0),^(^+l,0)), d{x{i,l),x'{i,l)) < ^- 

by induction on z = 0, 1, 2, . . . So suppose they hold up to i. Notice the 
estimates: 

%'(z,0),g°) < d{y{t,0),q^) + d{y'{t,0),y{t,0)) < 6. 
Then we have the estimates: 

d{y{i + l,0),y'{i + l,0)) = (i(0(y(z, 0), Xj, . . . , Xj+c.), </'t(y'(^, 0), Xj, . . .,Xi+a)) 

< d{(l){y{i, 0), Xj, . . . , Xi+a), (l){y'{i, 0), x,, . . . , Xi+a)) 

+ d{(l){y'{i, 0),Xi,..., Xi+a)At{y'{h 0), Xj, . . . , 

S 8 

< ^d{y{i, 0) , y'{t, 0)) + log, M <fi- + log, M < -. 
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So we have verified the estimates d{y'{i, 0),y{i, 0)) < | for all i by induction. 
Then we have the estimates: 

d{x{i, l),x'{i, 1)) = d{^jJ{y{i,0),Xi, . . . , Xj+a), 0), Xj, . . .,Xi+a)) 

< d{il){y{i, 0), Xi, . . . , Xi+a),i^{.y'ii, 0), Xi, . . . , Xi+a)) 

< //(i(y(z, 0), y'(z, 0)) + log, M < + log, M < -. 

So we have verified the estimates d{x'{i, 1), x(i, 1)) < |. 

Step 2: Let us put the sequences x^ = (x(0, j), x(l, j), . . . ) and similar 
for others. Let us verify the estimates: 

di{y'y,y^), d{{x'y^\x^+') 

by induction on j = 0, 1, 2, . . . 

We are done for j = at Step 1. Suppose the above estimates hold up to 

Let us start from the former estimates. 2/(0, j) = y'{0,j) hold by the 
assumption. Suppose the estimates d{y'{i,j),y{i,j)) < | hold up to i. Then 
we have the estimates: 

d{y{i + l,j),y\i + l,j)) = 

d{(l){yii,i),x{i,j), . . .,x{i,i + (3)),(j)t{y'{i,j),x'{iJ), . . . ,x'(i + /?)) 
< d{(j){y{i,j),x{i,j), . . . ,x(i, i + /?)), (f){y'{i,j),x'{i,j),. . . , x'{i + /3)) 
+ d{(t){y\i, j),x'{i,j), x'{i, i + /3)), (l)t{y'{i,j),x'{i,j), x'{i + a)) 
- .{d{y{iJ),y'{i,j)),d{x{l,j),x'{l,j))} + logtM 

</x-+log,M< -. 

So we have verified the estimates d{{y'y,y^) < | for all i by induction. 
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Then we have the estimates: 

d{x{ij + l),x'{i,j + 1)) = 

d{ip{y{ij),x{i,j), . . .,x{i + aj)),iit{y'{ij),x'{i,j), . . .,x'{i + a J))) 

< d{i;{y{i, j) , x{i, j),...,x{i + a, j)), ip{y'{i, j) , x'{i, j),..., x\i + a, j))) 
+ d{i^{y'{hj),x'{i,j), . . .,x'{i + a,j)),il;t{y'{i,j),x'{i,j), . . .,x'{i + a,j))) 

< max {d{y{i,j),y'{i,j)),d{x{l,j),x'{l,j))} + \ogtM 

5 S 
<fx- + \og,M <-. 



5 

So we have finished the induction step on j. This completes the proof. 



So we have verified the estimates d{{x'y~^^,x^^^) < | 



4.D.4 Rational dynamics and change of automata: Let 5" C M be a 

finite set, and take a — {qq, ai, . . .) e Xs- The exponential sequence is given 
by the sequence of positive numbers parametrized hy t > 1: 

Its C > 1 neighbourhood is given by the set: 

Nc{t^) ^{zeX^: C-H"' <Zi< Cr*} D t". 

For 1 = 1,2, let: 

A; : t/;' : Q X S"+^ ^ S, 0^ Q x S^+^ Q 

be two automata, and choose their stable extensions: 

V'' : M X ^ M, 0' : M X R^^'^ ^ M = 1, 2) 

with the constants (5, /x) by relative (max, +)-functions. 

Let {fl,g\) and {il)\,(f>\) be the tropical correspondences to {ip\(l/) re- 
specivcly, and Af be the bigger one of their numbers of the components. 
Let us consider the state systems of the rational dynamics: 



with the initial values z{l) = and id{l) = {w^{l)}j. 
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Theorem 4.7. Suppose Ai and A2 are equivalent over some R C Q, and 

choose stable extensions with the constants {S,iJ,). 

Then for any large C » 1, there exists to > 1 so that for all t > to and 
any initial values which are are contained in: 

z{l) e Nc{t^), w{l) e Nc{t^) [l = 1, 2) 

for some k e Xs and q e Xr, then the uniform estimates hold: 

maxj^A^, < C . 

m 4(1) 

Proof: We split the proof into two steps. 

Step 1: Notice that the pairs ("0', 0') are (5', /u)-stable for all Q < 5' < 5. 
Let us choose large C so that the estimates hold: 

M < C^-". 

Then choose to >> 1 so that the estimates hold: 

Now let us choose and fix any t >to, and put d' = log^ C. Then the estimates: 

H5' + log,„ M < log, C + log, M < log, C^5' 

hold by the above inequality. So the condition in lemma 4.6 is satisfied. 
Let us regard that the pairs are (25', //)-stable. 

Step 2: Let us put: 

xS) = log,zS), y'{l) = log, w\l) (1 = 1,2) 

and consider the corresponding systems of the state dynamics: 

+ 1) = tp\yiii,j),xi{ij), . . .,xi{i + a, j)), 
yi{i + l,j) = (P\yi{h3),xi{h3),---,xi{i + /3,3)), 

x'lihJ + 1) = ■^l{yi{hj),x'i{ij), x'i{i + a,j)), 
y'lii + 1, j) = 4{y'l{^,3),x'l{^,J), . . .,x'i{i + /3,j)) 



61 



with the initial values x{l) — {xi{l)}i and y{l) — {y^{l)}j respectively. 
Then the estimates: 

d{x{l),k) = sup \xi{l) - ki\ = suplogi(^J^)^^ < log^ C = 5' 

hold. Similarly the estimates d{y{l),q) < 5' hold. 
By corollary 4.5, the estimates: 

\xi{ij) - X2{i,j)\ < 26' 

hold for all 

On the other hand by lemma 4.6, 

-x'i{i,j)\ < 5' 

hold for 1 — 1,2 and all 

Then combining with these, we have the estimates: 

-x'2{i,j)\ < \x[{i,j) -xi{i,j)\ + 

- X2{i,j)\ + \x2{i,j) - X2{i,j)\ 

Since the equahties: 

K{i,j)-X'2{i,j)\^l0g/-^)^' 

hold, this verifies the desired estimates. This completes the proof. 

4.D.5 Dynamical inequalities under change of automata: For Z = 1, 2, 

let: 

A; : 7/;' : Q X 5"+^ ^5, 0' : Q x S^^^ Q 

be automata which are equivalent over R G Q. 

For each I, let us take two pairs of their stable extensions with the con- 
stants {S, /i) by (max, -|-)-functions: 

^p^'"^ : R X R"+^ ^ M, (j)^'"" : R x R^+^ (m = 1, 2) 

Suppose that for each / = 1,2: 

are pairwisely tropically equivalent. Let {ft"^,gt"^) and (V't'"*; 0*'"*) be the 
tropical correspondences to (-0''"*, 0'''") respectively. 
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Corollciry 4.8. Assume the above conditions. Then for any large C > 1, 
there exists tQ > 1 and D > 1 so that the following holds for all t > to-' 

Suppose two sequences {wl{l)}ij and {zl{l)}ij satisfy the dynamical in- 
equalities: 



Moreover suppose the initial values are contained in the same C neighbour- 
hoods: 

z{l) = (zoil), ^1 (/),...) e Ncit'), wil) = inj\l),w\l), . . . ) e Nc{t^) 

for some k = {k^, ki, . . .) G Xs and q = q^, . . .) e Xji. 
Then the uniform estimates hold: 

max| . ■ -A^} < D. 

4(2)' ziiiy 

Proof: The proof is long and we split it into several steps, but the idea is 
quite parallel to theorem 2.19 and corollary 2.21. 

Let us choose and fix large t » 1. By replacing 6 hj a. smaller one as in 
Step 1 in the proof of theorem 4.7, we may assume the foUowings: 

{1) S — logj C and the estimates: 

holds. In particular the estimates 2 log^ M + ii5 < 5 holds. 
(2) (^''"^,0''™) are aU (35, /x)- stable. 

Let us put = log(2:^(/) and o^(Z) = logjU'^(/). Then we have the 
estimates: 

<t>fws)M{i). ■ ■ ■ < < <t>fm)M{i). , ■ ■ -M+pii)) 

where p^{l) = Xi{l) = \og^Zi{l) and Oq(/) = y^{l) = \og^w^{l). 
Notice that both the equalities: 
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hold as functions by the assumption. We will use the notation ij/- and 0' 
when no cofusion occurrs. 

Let us consider another solutions to the state systems: 

with k^{l) = ki and go(0 — I''- 

We verify the uniform estimates: 

\m-m\<s 

by several steps. 

Step 1: Let us introduce another state systems: 

^l,m{hj + 1) = '^t"'{yi,mihj),x'l,m{iJ), <m(^ + Oi,j)), 

Vlmii + 1, i) = <t>r{yi,m{h3)^A,mi.h3)^ ■ ■ ■ , ^'l ,mii + P J)) ^ 

xiihj + 1) = i^\yi{hj),xi{i,j), . . .,xi{i + a,j)), 

with the same initial values xj^(i,0) = xi{i,0) — Xi{l) and yi^{0,j) — 
yi{0,j) = y^{l). 

By lemma 4.4, the estimates hold: 

\xi{i,j)-ki{l)\, \m{i,j)-qi{l)\<5. 

On the other hand by lemma 4.6, another estimates hold: 

- x'i,mihj)\, \yiihj) - yi,mihj)\ < ^■ 
So combining with these estimates, one obtains the estimates: 

Kmihj)-kmi \yW,j)-Qm\<^s- 

Step 2: Next let us verify the uniform estimates for I = 1,2: 
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Notice the equahties :!//',„(0,0) = Oq(/) and X;^(i,0) — p^{l). 

Let us verify \y'i„i{i, 0) — o°(/)| < Shy induction on i = 0, 1, 2, . . . Assume 
that the estimates hold up to z. 

Firstly suppose o°_,_j^(/) > y'i i{i + 1,0) hold. Then the estimates hold: 

< ol,{l) - y[S + 1,0) = \o%S) - y'i,S + 1,0)1 

< |<^f (o°(0,P°(0, ■ ■ -.pUii)) - 4>f{y'i,,{h 0), . . . , x[,{i + /3, o))| 

< 2 logt M+ 

|0'(o°(O,p°(O, ■ ■ -^pUii)) - <t>\y'i,S. 0), . . . , x\^S + o))| 

< 2 log, M + //|o°(0 - y^S, 0)1 < 2 log, M + < 5. 

Conversely suppose o°^_i(/) < y^' i(i + 1,0) hold. Then the estimates hold: 

< y[S + 1,0)- o%S) = \y'i,S + 1,0)- o°+i(/)| 

< |</.J'^(y;,,(z,0),4,(z,0),...,4,(z + /5,0))-(/.^'^(o°(/),pl(0,..^ 

< 2 log, M+ 

|</.^(y;,i(z,O),<i(z,O),...,4i(z + /?,O))-0^(o°(/),p°(O,...,pt/3(O)l 

< 2 log, M + //|oO(0 - 0) I < 2 log, M + iiS<S. 

Thus in any cases, the estimates \y'ii{i + 1,0) — o°^i(/)| < S hold. By the 
induction step, we have verified the claim. By the same way the estimates 
\y'i,2{h 0) - o°(/)| < 5 also hold for all i. 

Then by use of the above estimates, we foUw a parallel argument as below. 
Suppose p]{l) > x'l 1) hold for some i. Then we have the estimates: 

o<pKO-4i(^,i) = bKO--<i(^,i)l 

< i^f (o°(/),p°(0, . . . ,P°+J/)) - 4'\y'i,ii^, 0), 0), . . . , + /3, o))| 

< 2 log, M+ 

|V''(o°(/),p°(/),...,p°+J/))-^'(?/;,i(z,0),<i(z,0),...,<i(z + /3,0))| 

< 2 log, M + //|oO(0 - yl,{i, 0) I < 2 log, M + < 5. 
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Conversely suppose pl{l) < 1) hold. Then we have the estimates: 

0<4l(^,l)-^5KO = l<l(^,l)-P•(OI 

< 2 logi M+ 

\i;^{yl,{z,0),x[,{t,0),...,xl,{z + f3,0))-ij'{o^{l),p^{l),.^ 

< 2 log, M + yu|o°(0 - yl,{i, 0) I < 2 log, M + < S. 

Thus in any cases we have the estimates 1) — ^^(01 < <^ for all i — 

0, 1, 2, . . . The estimates |a:J 2(^1 1) (0 1 < ^ obtained by the same way. 

Step 3: Let us verify the estimates for all i,j > 0: 

Let us put the sequences: 

and similar for y'ljnU)^ P'i^) ^(0- 
Let us verify the estimates: 

d{x[miJ + ^),p'^'m d{y[,^{3l&{l)) <S 

by induction on j = 0, 1, 2, . . . We have verified the estimates for j = at 
step 2. So assume they hold up to j — 1. 

The initial conditions ol{l) — J/i,i(0,j) hold. Let us verify the estimates 
\ol{l) — yii{i,j)\ < 5 by induction on i. Suppose they hold up to i. 

Firstly suppose Oi_|_i(/) > y'l^ii} + 1, j) hold. Then the estimates hold: 

< - y[^s + 1, i) = Wi^i) - y'i,S + 1, j)l 

< \4>f{4{i),m), ■ ■ ■ M+M - <t>f{y'i,,{hj\ j), ■ ■ ■ , + A j))l 

< 2 log, M+ 

\^\o>S)Mil). ■ ■ ■ ,Pi+p{l)) - <t^\yU{^,J),xl,{^,J), . . .,xl,{t + 

< 2 log, M+ 

^max(|o](/) - yliii,j)\, \pl{l) - xli{i,j)\, - + 

< 2 log, M + <S. 
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The converse case can be estimated by the same way as step 2. and we omit 
repetition. So by the induction step we have the estimates ly^iii, j) — ol{l)\ < 
S for aU i. By the same way we can verify the estimates \y'i2{h j) ~ (0 1 ^ ^■ 

Then we have the estimates \x[^{i,j + 1) — pi~^^{l)\ < S for all i — 
0, 1, 2, . . . again by the same way as step 2. 

This completes the induction step on j, and so we have obtained the 
desired estimates: 

Wl,mihj) -Pii^)\, \yi,mihj) - 0lil)\ <S 

for all i,j = 0, 1, 2, . . . 

Step 4: Combining step 1 ~ 3, we obtain the estimates: 

m)-km<36. 

In particular all the values of these sequences lie within yu-Lipschitz constants 

of -0''™" and 0''™". 

Let us consider the state systems of the rational dynamics: 

F^(i,j + 1) = fl'\G^{i,j), F^{i,j), F\i + a,j)) 
G\i,j + 1) = 9l'\G\i,j), F\i,j), F\i + ^, j)) 

with the initial values 0) = Zi{l) and G\Q,j) = w^{l) respectively. Then 
we apply theorem 2.17, and obtain the uniform estimates: 

max( ^'^'V^^^\ ^O^L^) < < C" (/ = 1,2) 

for some C, since are uniformly bounded for < /j, < 1. On the other 

hand by theorem 4.7, the estimates hold: 

Thus combining with these, one obtains the desired estimates: 
This completes the proof. 
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4.E Quasi recursivity: Let us consider recursivity for rational dynamics. 
We start from a simpler case which is time-independent and one dimensional. 

Let ifi he a (max, +) function of n variable, and consider the one dimen- 
sional dynamics: 

Xn = (p{xN-n, • • • , Xn-i) 

with the initial data Xq = {xq, . . . , G W\ It is recursive if there is some 
M > so that any orbits {xi}i with any initial values are periodic of period 
M. Namely equalities x^+m = Xi hold for all i > 0. 

Let ft be the tropical correspondence to (p, and consider the parallel 
dynamics: 

= ft{zN-n-, ■ ■ ■ , ^N~l) 

with the initial data Xq = log^ Zo, . . . , = log^ Zn-i- 

It is known that (p is always recursive whenever ft is the case for alH > 1 
([K2]). However the converse is not true. 

Let us say that ft is a quasi recursive of period M, if there are constants 
C > 1 and M > independently of t and initial values, so that the uniform 
estimates hold: 

max( , ) < C, A* = 0, 1, . . . 

Zn zn+m 

Proposition 4.9 (K2). Suppose ft corresponds to a relative (max, +) -function 
ip. Then ft is quasi recursive of minimum period M, if and only if (p is re- 
cursive of the same minimum period. 



For example: 



P^{xq., Xi) = max(0, xi) — xq, 
p'^{xo, xi) = max(a;i, —xi) — xq 



are recursive of periods 5 and 9 respecively. The corresponding relatively 
elementary functions are given by: 

fl{w,z)^w-\l + z), 
f^{w,z)^w-\z-' + z) 

respectively. It turns out that the former is also recursive, but the second is 
not the case, and so it only satisfies quasi recursivity. 
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4.E.2 Finite order group elements: Let: 

A : : <5 X 5"^+^ ^ S, cj) : Q x S'^+^ Q 

be an automaton, and V : K x M^+i R, (f) : R x R^+'^ IR be stable 
extensions with the constants (5, /x). 

Let {ft,gt) and {ipt,4't) be the corresponding functions to {ip,(f>) respec- 
tively, and M be the biggest one of the numbers of their components. 

For — (g'^, . . . , q^) G Xq^^, let us denote I times iterations of by 

Iq^ = . . . , g"*, . . . , g"^, . . . , gO, . . . , g'") e X^^'^^^\ We also denote the 
infinite times iterations of q^ by: 

-m — / m m m \ ^ Y 

Let us consider the state dynamics: 
Proposition 4.10. Suppose Aqm. : Xs Xs is of finite order with period p: 

Apqm — (Aqm) O ■ ■ ■ O (Aqm) = (AqmY — id . 

Then for any C > 1, there exists to > 1 so that for all t >to and any initial 
values: 

the uniform bounds hold for all i,j,l = 0,l,2,...: 

J 

Proof: Let us choose large to > 1 so that the estimates hold: 

5 6 
logtoC, /x- + log,„M<-. 

Recall that the pair {ip, (j)) is (5', ^)-stable for any Q < 5' < 5. Let us fix 
t > to- Then by replacing 5 hy 5' = 21ogjC, one mya assume the equality 
5 = 21og,C. 

By the assumption, there is k = (ko, ki, . . .) G Xs so that the initial value 
is contained as {zi}i e Nc{t''). Let us rewrite = (g°, g^, . . . ) 
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Let us consider three state systems of dynamics: 

xiij + 1) = ^Piyii,j),x{iJ), ...,x{i + a,j)), 
y{i + = Hy{hj),x{i,j), ...,x{i + /3,j)), 

+ 1) = iptiy'ihj),x'iij), . . . + a,j)), 
y'{i + 1, i) = My'{i,j),x'{i,j), . . . , x'{i + /?, j)), 

with the initial values x{i,0) — x'{i,0) — log^Zj, y(0,j) = y'{0,j) — log^w^, 
and — ki, Qq — ■ By the condition, 

(1) The estimates |a;(i,0) - h], \y{0,j) - q^\ < f hold. 

(2) periodicity kj = je^^^^^^^^^ hold for all 

By lemma 4.4, the estimates \x{i,j) — < | hold. By lemma 4.6, the 
estimates \x{i,j) — x'{i,j)\ < | hold. Combining with these, we obtain the 
estimates: 

\x'{i,j)-ki\ < 5. 
Then we have the estimates: 

\x'{i,j) - x'{ij +p{m + 1)/)| 

< \x'{i,j) -ki\ + \x'{i,j + p{m + 1)0 - <26 = log, C\ 

j 

Since the left hand side is equal to log,( ^^,^(^^,1); j^-*-, the conclusion holds. 
This completes the proof. 

4.E.3 Infinite quasi- recursive dynamics: The Burnside problem asks 
existence of finitely generated and infinite torsion groups. The first example 
was given by Adjan-Novikov ([AN]). The second one is given by an automata 
group: 

Lemma 4.11 (Al). There eixsts a Mealy automaton with 2 alphabets and 8 
states such that the group generated by some two states u, v is infinite and 
torsion. 

See also [Z] for the exposition of this group. 
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Let (/, g) be a pair of (unparametrized) rational functions, and consider 
the state system of the rational dynamics with the initial sets: 

zj — f(wf, zf, . . . , zj_^^), wf_^i — g{wf, zi, . . . , zj_^i^), 

X C {(^0, zi, . . .) : Zi e {0, oo)}, Y C w\ . . .) : w' e (0, oo)}. 

The system is said to be recursive with respect to the initial data {X, Y), 
if for any initial values {i«o}i ^ there exist some p G N so that any 
solutions {{zl}ij, {wl}ij) with the initial values {z^}i G X and {wqIj satisfy 
p-periodicity zf — zf'^^'' for all i, j, / = 0, 1, 2, . . . 

The rational Bumside problem asks existence of pairs of rational functions 
whose state dynamics are recursive with infinitely many such p. 

So far it seems not known whether such a pair of rational functions exist. 

Let us introduce a variant of the rational Burnside problem, where we 
need to use pairs of parametrized rational functions. 

Let {ft, Qt) be a pair of relatively elementary functions, and consider the 
state system of the rational dynamics with initial sets: 

zl^^ = ftiwlzj,..., zl^J , wj^^ = gtiwlzl,..., zl^p) , 

Xt C {(^0, Zi,...):Zi& (0, oo)}, Yt C {{w^ , w\ . . .) : w' & (0, oo)} 

Definition 4.4. The state system of the parametrized rational dynamics by 
{ft,gt) is quasi-recursive with respect to {Xt,Yt), if for any C,C' > 1, there 
exists to > 1 50 that for all t >tQ and any {wl}j e Yt, there exist some p e N 
such that: 

(1) any solutions {{zl}i,ji{wl}i^j) with {z^}i & Xt satisfy the uniform 
bounds: 

A 

for all I = 0,1,2, ... , and 

(2) for any 1 <p' < p— 1, there are some {zf}i G Xt so that the solutions 
({^i satisfy the uniform lower bounds: 

.z>+^.,. . 



for all j = 0,1,2, .. . and some i. 

It is infinitely quasi-recursive, if infinitely many such p exist. 
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Notice that lower bounds imply minimality of quasi-periods. 
Let us introduce quasi periodic exponential lattices: 

N^J''{t^) = {{w\ w\...): C-H'^' < < Cf'^q G Xq are periodic}. 

Let S — {so,si} C Z and it! = q^} C Z be any embeddings. Now we 
have the existence of parametrized infinitely quasi-recursive dynamics: 

Theorem 4.12. There exists a pair of relatively elementary functions {ft,gt) 
so that the state dynamics is infinitely quasi-recursive. 

Proof: Let us choose any embeddings S = {sq, si} C Z and Q = 
. . . , g^} C Z. Then we put: 

Notice that if two points z, z' e Nc{t^), then their ratios satisfy the estimates 
^ li ze Nc{t'°) and z' e Nc{t''), then the estimates hold: 

(4)±i > c-H. 
z 

In particular if f >> 1 is sufficiently large, then C~^t > C holds. 

Let us consider the automaton A by Aleshin in lemma 4.11. By proposi- 
tion 4.3, there exists a stable extension of A. Let {ft,gt) be the pair of the 
corresponding relatively elementary functions. 

Because the group generated by q^} is infinite torsion, the conclusion 
follows from proposition 4.10. This completes the proof. 

4.E.4 Estimates for dynamical inequalities: Let A : tp : Q x S"'^^ S, 

(p : Q X S^'^^ — >■ Q be an automaton, and choose embeddings Q,S cZ. 
Let us take a stable extension with the constants {S, //): 

i/j-.Rx M"+^ M, 
: M X M'^+^ M. 

Let us represent the pair of functions by two relatively (max, -|-)-functions 
{ijj'' , (f)'-) for I = 1,2, and let {fl,gl) be the tropical correspondences respec- 
tively. Thus [fl,gl) ~ {f^,g^) are pairwisely tropically equivalent. 
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Corollciry 4.13. Suppose A^m : Xg — >■ Xg is of finite order with period p 

for some q"" G X^+\ 

Then for any C > 1, there exists to > 1 and D > 1 so that for all 
t > to and any pair of sequences {{zj ,wj)}ij which satisfy the dynamical 
inequalities: 

fliwl zl,..., zi^J < 4^' < f^^l 4,..., zlJ, 
91(^1,4,..., zj^^) < w^+i < {wlzj,..., zl^p) 

with the initial values {zi}i C Nc{t^), ^ Nc{t^'^^''), then they satisfy 

the uniform bounds for all i, j, I — 0,1,2, ... : 

( d )±i < D 

Proof: Let us consider the state dynamics: 

~ Jt ^ I ■> ■ ■ ■ y-^ i+a) 1 



with the initial values F° = Zi and Gq — 

By corollary 4.8, the uniform estimates hold: 

- 

By proposition 4.10, the uniform bounds: 

( i \±l < 

^pj+p{m+l)l' 
i 

hold for all i,j,l > 0. 

Combining with these, we obtain the desired estimates: 



J J pj pi+p(m+l) 



This completes the proof. 



±1 < C^L>2. 
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5 Analysis of hyperbolic systems of PDEs 

In section 5, we develop basic analysis of the hyperbolic Mealy systems of 
PDE in our sense, and then apply the previous results to the large scale 
analysis of them. 

5.A PDE systems and equivalent automata: For I = 1,2, let 

A, : : g X 5"+^ ^S, 4} : Q x S^^^ Q 

be equivalent automata over R G Q, and choose embeddings Q,S (iM.. 
Let us take their stable extensions with the constants {S, /i): 

V'' : M X R"+^ ^R, 0' : R X R'^+^ (1^1,2). 

and {fl,gl) and {tpl, (/)[) be the corresponding functions respecively. 
Let us consider the state systems of the rational dynamics: 

zi^'ii) = niwiii),ziii),...,zi^ii)), 

wi^,il)=gl(wl(l),zi(l),...,zl^il)). 

Let us follow the process in 3.B, and induce the systems of partial differ- 
ential equations of order /i: 

Pi{e,t,u\v\ui,ui,...,u^^,) = 
Pl{e,t,u\v\ul,vl,...,ul^)^0 

with the scaling parameters: 

i = i = ^, u\x,s) = zj{l), v\x,s) =wl{l). 

Let us fix any positive number < r < 0.5, and put the domains: 

Di{e,T) = {ie + a e[0,oo) : i G N, \a\ < er }, 
D{e,T) = Di(e,r) x Di{e,T) C [0,oo) x [0,oo). 

D{e) are the disjoint unions of the squares. 
We also put the initial domains: 

4(e, r) = [0, 00) X [0, re), /,(e, r) = [0, re) x [0, 00). 
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Proposition 5.1. Let Co be the bigger one of their error constants. Let 

u\ : (0, oo) X [0, oo) — )> (0, oo) be solutions to the above systems respectively. 
Then for any C > 1, there exists t^ > 1 and D > 1 so that the followings 
hold for all t >to: 

Suppose two conditions: (1) The estimates: 

< CK{u\v^) < (1 -/x)e-^ 

are satisfied for some positive > 0. 
(2) The inclusions hold: 

u'\U€,r) C Nc{t^), v'\Is{e,T) C Ndt"^). 

Then they satisfy the uniform bounds: 

{-r\x,s)<D 

for all {x,y) e D{e,T). 

Proof: We follow a similar argument as the proof of theorem 3.2. Let 
A^o > max(/i~^, 2 — //) be an integer. 

Let us fix < a, 6 < T, and put the domain lattices by: 

^6,r(a, b) = {{{h + a)e, {k + b)e ) e [0, oo) x [0, oo) : /i, /a e N}. 

Let us put: 

zjiV) = u\{i + a)e, (j + b)€), wi{l) = v\{i + a)e, (j + 6)e) 

Then by the same way as the proof of theorem 3.2, we obtain the inequal- 
ities: 

-^/tiwm, 4ii),---, < < No9i{wm,zi{i), zi^{i)). 

Notice that -^f and N^f are both tropically equivalent to /. 
By the assumption, the initial values satisfy: 

= u\{i + a)e, he) e Nc{t^), wi{l) - v\ae, {j + b)e) e iVc(i^). 
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It follows from corollary 4.8 that the uniform estimates: 

4(2) 4(1} - 

Since the right hand side does not depend on a, b, one obains the uniform 
bounds: 

for all {x,y) e D{€,t). This completes the proof. 

5.B. Hyperbolic Mealy systems: In this section we study the basic anal- 
ysis of 1st order hyperbolic systems of PDE with 2 variables. 

Let {ft,gt) be a pair of relatively elementary functions, corresponding to 
the pair of relative (max, +)-functions {ip, <p). 

Let us consider the corresponding hyperbolic Mealy systems: 

^Us^ ft{v,u) - u, 
ev^c^ gt{v,u) - V. 

Recall the higher distorsion for the Mealy systems: 



K[u,v) = sup maxl— -, — . 

(x,s)e[o,oo)2 u{x, s + e) v{x + e, s) 



Definition 5.1. The pair {ft,gt) is admissible, if there are < S < L < L', 
< n and constants A so that there are solutions with the initial values: 

u,v: [0,oo) X [0,oo) [t^,t^']), 

\\u,\\C'{[0,oo) X {0}), ||^;.||C°({0} X [0,oo)) < A 
which satisfy the following estimates hold for all < a < 1: 

[\{Mv,u) - u){{ft)u{v,u) - 1)1 + \vs{ft)v{u,v)\]{x,s) < {2- ii)u{x,s + a), 

t{v,u) - v){{gt)u{v,u) - 1)1 + \u^{gt)v{u,v)\]{x,s) < {2 - n)v{x + a, s). 
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Corollary 5.2. For I = 1,2, let {fl,gl) be admissible pairs, and {u^v^) : 
[0, oo) X [0, oo) — > (0, oo) be the solutions to the above systems respectively. 
Then they satisfy the asymptotic estimates: 

U V 

for some Mq and all (x, s) G [0, oo) x [0, oo). 

Proof: For the Mealy systems, the error constants are always \. Moreover 
we have the equalities: 

= {ft{v,u)-u){{ft)u{v,u) - 1) + {ft)v{u,v)Vs, 



dl 



= {gt{v, u) - v){{gt)v{v, u) - 1) + {gt)u{u, v)u^. 



So in order to apply theorem 3.1, the required consitions on the higher 
distorsion are: 

\{ft{v,u) -U){{ft)u{v,u) - 1)1 + \Vs{ft)v{u,v)\{x,s) ^ _i 

2u{x, s + a) ' 

\{gt{v,u) - v){{gt)v{v,u) - 1) \ + \u^{gt)u{u,v)\{x,s) _^ 

-— r < (1 — 

2v{x + a,s) ^ ' 

for some < 5 < 1 and < e < 1, which follow from admissibilty. 
This completes the proof. 

In 5.D we have concrete examples of admissible pairs with the Lipschitz 
constants 1. In particular we obtain the exponential estimates for their so- 
lutions. 

5.B.3 Refinement: Let: 

A : V : <5 X 5"+^ ^S, (j) : Q x S^+^ Q 

be an automaton over R G Q. For q = q^, . . .) £ Xq and k — (ko, ki, . . .) £ 
Xs, let us denote the orbits by {kj} and {qj}. 
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Let : X R and : R x ]R^+^ R be two maps. Suppose the 

restrictions induce maps as below for some a,6e]RU{±oo}: 

i^pj):[a,b]'^[a,b]\ 

For y = y^, . . .),x = {xq, Xi, . . .) G X[a,b], let us denote the orbits by 
{xj} and {yl}. Let us choose embeddings S,Q G [a,b]. 

Definition 5.2. is an e-refinement of the pair if there is a 

posiive number N so that for any q G Xq and k G Xs, there are paths 
y : {0,1, ...} ^ R and X : {0,1, ...} ^ R with: 

y(jN)^q\ \y(j + l)-y(j)\<e, 
x{iN) — ki, \x{i + 1) — < e 

for all i,j G {0, 1, . . . }, such that the equalities hold: 

iN Tj jN i 

^iN — 'H 5 ViN — Qi ■ 

{ijj, (j)) is refinable, if there is an e-refinement for any small e > 0. 

An e refinement is almost diagonal, if moreover they satisfy the estimates 
for all {x, y) G [a, 6]; 

\{x,y) - {ip{x,y),4){x,y))\ < e. 

By use of refinement, we verify existence of admissible solutions in b.D, 
and their exponential asymptotic estimates, which we will state below. 

5.B.4 Asymptotic compcirisons with group actions: Let A be a Mealy 
automaton with 2 alphabets, equipped with a representative (V^, 0) by rela- 
tively (max, +)-functions. 

For any (sq, Si, • • • ) G X2, and . . . ) G Xm+i, let: 

A(qO,...,g(-l)(so, si, . . . ) = {{sq, s{,...) eX2 

be the orbits of the automata group actions. 

For its refinement (^, 0) and their tropical correspondences {ft,gt), let us 
consider the hyperbolic Mealy systems: 

Us = ft{v,u) -u, v^ = gt{v,u) - V. 



78 



Theorem 5.3. For any C > and any t > t(C) > 1, there are refinements 
(■^, 0) of {%l),(f)) with the pairs of tropical correspondences {ft,gt) so that: 

(1) {ft,gt) admits admissible solutions, 

(2) for any another pairs {ft,gt) toropically equivalent to {ft,gt), CLny 
admissible solutions to the equations: 

Us = ft{v,u) - u, v^ = gt{v,u)-v 
whose initial values satisfy the inclusions for all k — 0,1,2, ... : 

d{u{Nk, 0), S), d{v{0, Nk),Q) < C 
then they satisfy the asymptotic estimates for some M,c> 1: 

^ u{Ni,Nj) ^^, < M^-('+.)+i('^) 

Proof: This foUows from proposition 5.12 below. 

Remark: (1) We can choose c = 1 and hence obtain the exponential estimates, 
if we can represent the transition functions by 1-Lipschitz functions. 

(2) It would be quite possible to obtain better estimates, by tracing the 
orbits in detail, but one will be required more analysis to achieve it. 

On e-controU of higher distorsions: In order to apply the construction 

in section 3, we need to controll the second derivatives of solutions. 

Let {u,v) : [0,oo) x [0,oo) (0,oo)^ be a solution to the hyperbolic 
Mealy system: 

eus^ ft{v,u) - u, 
€Vj:^ gt{v, u)-v 

with finite higher distorsion K{u,v) < oo. 

In order to apply the asymptotic comparisons for solutions to the PDE 
systems, their solutions are required to satisfy some bounds: 

CK{u,v) < il-S)e-^ 

for some < 6 < 1, where C is the error constant. 

For small < r, let us consider the reparametrized pair of the functions: 

{u,v){x,s) = {u,v){tx,ts) 
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which satisfy the equations: 

er"^ Us = ft{v,u) - u, 
er"-^ = gt{v,u) - v. 

Lemma 5.4. The pairs {u,v) satisfy the condition above on the higher dis- 
torsion if we choose sufficiently small r > 0. 

Proof: Notice that the higher distortions are related as: 

T^K2{u, v) = K2{u, v). 

The required condition with respect to the rcparamctrized pair is given by: 

CK2{u,v) < {l-S)Te-^ 

which can be rewritten as: 

tCK2{u,v) < {l-S)e. 

So if we choose sufficiently small r > 0, then the pairs {u, v) satisfy the 
required condition. This completes the proof. 

On the other hand the estimates < er~^ < 1 are required, and so at 
best we can take r = e. So for our later purpose this reparametrization is 
not so effective. We will take: 

e = 1 

for the rest of this paper. 

5.C Basic PDE-analysis, existence and uniqueness: Let us start from 
some analytic properties of the hyperbolic Mealy systems. 

Lemma 5.5. (1) Suppose ip and (p both take bounded values from both below 
and above. Then ft and gt also satisfy the same properties for each t > 1. 

Let us fi.x t > 1, and {u,v) : [0, oo) x [0, oo) M."^ be a solution to the 
hyperbolic Mealy system, which take positive initial values on x,s E [0, oo); 

u{x,0),v{0,s) e (0,oo). 

(2) Suppose that there are constants r < R so that ft and gt both satisfy 
the uniform bounds: 

r < ft{a,b), gt{b,a) < R. 
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Then they take positive an bounded values on all the domain: 

u, V : [0, oo) X [0, oo) (0, oo). 
(3) If ft and Qt both satisfy the bounds: 

r < ft{a,b), gt{b,a) < R 

for any r < b < R and all a > 0, and if we choose the initial values with 
their ranges as: 

r < u{x,0),v{0,s) < R 
then their values are also contained in the range: 

r < u{x, s),v{x, s) < R 

for all {x, s) e [0, oo) x [0, oo) . 

Proof: (1) follows from lemma 2.1 and proposition 2.4. 
Let us fix X G [0, oo) and v{x, s). Then we regard u{x, ) : [0, oo) — >■ M 
satisfy the ODE on s variable: 

eus{x, ) ^ ft{v{x,s),u{x, ))-u{x, ). 

For (2) and (3), because the range of ft is away from 0, if u{x, ) take 
small values, then Us{x, ) become positive and so their values must increase. 
Conversely if u{x, ) take large values, then Us{x, ) become negative and 
their values must decrease. 

For v{ , s) case, we can use the same argument. From these observations, 
the conclusions follow immediately. This completes the proof. 

Let us say that the pair {ft, gt) restricts to a self-dynamics over [r, R\ (for 
a fixed t > 1), if there is some < g < r so that they satisfy the bounds for 
aU a > 0: 

{> 5 6 < r + 5 
< —q b> R — q 

\ft{a,b)-b\, \gtib,a)-b\<R-r r < b < R. 

If {ft,gt) satisfies the uniform bounds as r < ft, gt < R, then the pair restricts 
to a self-dynamics over [r — 2q,R + 2q] . 
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By lemma 5.5, if we take the initial values as r + q < u{x,0),v{0, s) < 
R — q, then their values are also contained in the range: 

r + q < u{x, s),v{x, s) < R — q 

for all {x,s) e [0,00) X [0,oo). 

5.C.2 Existence and uniqueness: Let us study the existence of solutions 
to the hyperbolic Mealy systems. We use the automatic version of the Picard 
iteration method of successive approximation. 

Let {ft,gt) be a pair of relatively elementary functions of 2 variables, 
which correspond to the relative (max, +)-functions {ip,(t>)- Let us assume 
that the pair restricts to a self-dynamics over [r, R] with q < r. 

Let us introduce the following: 

D ^ Dr,R(ft, gt) ^ sup {\ft{v,u) -u\, \gt{v,u) - v\}. 

{v,u)elr,R]'' 

Let us put ft{v,u) = ft{v,u) — u and gt{v,u) — gt{v,u) — v so that the 
hyperbolic Mealy equations can be written as: 

Us^ft{v,u), v^^gt{v,u). 

Now let us fix t > 1 and give the initial values: 

u I [0,cx)) X {0}, u I {0} X [0,00) 

which satisfy the foUowings: 

(1) Their ranges are uniformly bounded both from above and below by: 

r + q< u{x, 0),v{0, s) < R-q. 

(2) Both have uniformly bounded norms. 

With u amd v as the initial values, let us solve the equations of the hyperbolic 
Mealy systems by the following constructions (1),(2),(3), (4): 

(1): Let us choose small r > so that: 

(a) the Lipschitz constants of both and gt are smaller than (2t)~^, 
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(b) the estimates holds: 



(2): For m = 0,1,2,..., 



let us put the small domains: 



m 



[rriT, (m + l)r] x [0, r] C [0, oo) x [0, oo) 



and construct solutions inductively on m = 0, 1, . . . . 

Suppose given solutions over Dm~i- With the original initial values, we 
have determined the values of solutions as: 

u\Dm-iU[0,oo) X {0}, v\\Dm-iU{0} X [0,oo). 

(3): For xo = mr, we have the initial values as: 

u\[xq,xo + t] X {0}, v\{xq}x[0,t] 

and let us extend the solutions over D^- 
For {x,s) e D^, let us put: 



Lemma 5.6. Suppose that the pair {ft,gt) restricts to a self- dynamics over 
[r,R]. Then the sequences {{un,Vn)}n converge uniformly on Dm, and: 



{uo,Vo) = {u{x,Q),v{xo,s)) 



and define the sequences inductively by: 



{Un, Vn) = {Uo, Vq) + { ft{Vn-l , Un-l) dt , / gt{Vn-l, Un-l)dy) 




{U,V) = lim {Un,Vn) 



give the solutions which coincide with the given initial values: 



u\[xo,Xo + t]x {0}, v\{xo} x[0,t]. 



Moreover they satisfy the estimates: 



\{U,V) - {Un,Vn)\ < — max(|Mi - Uq\, \vi - Vol). 
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Proof: Step 1: We claim that the ranges of w„ and Vn are in the region 
[r, i?]. We verify it only for ?;„ can be considered similarly. 

By the assumption, the uniform bounds r + q<UQ<R — q hold. Firstly 
we have the estimates: 



Ui 



-Uo\< / \ft(vo,Uo) - Uo\ < tD < D ^qD^q. 
Jo 



So Ui admits the bounds r < Ui < R. 
Let us consider: 

Un^Uo+ / [ft{Vn-l,Un-l) - Un-l\dt 

Jo 

and assume the uniform bounds r < Un-i < R- Then we have the estimates: 

\Un-Uo\< / \ft{Vn-l,Un-l) -Un-l\ <tD < D"^qD = q. 

Jo 

So we have verified the uniform bounds r < < i? for all n by the induction 
step. Since the estimates are independent of chioce of x e [xo,a;o + r], this 
verifies the claim. 

Step 2: By step 1, both Un and Vn take their values in [r,R]. So the 
Lipschitz constants Lj of ft and Lg are both uniformly bounded at 
Let us put Vn = {un,Vn)- Then: 

iK+i-Kl 

PS px 

= |( / {ft{Vn,Un) - ft{Vn-l,Un-l))dt, / (^t(fn,Wn) - gt{Vn-l, Un-l)dy)\ 
Jo Jxo 



< max(sLj|K - K-i|, {x - xo)Lg\Vn - Ki-i|) 

1 

2' 



< Tmax{Lf,Lg)\Vn - K-il < J|K - K-il- 



Thus they are contracting: 

max{\un - Un-i\, |f„ - Vn-il} < -^max{|wi - uol, \vi ~ vo\} 
and {u,v) — \imn-^oo{U'n,Vn) exist uniformly. One also obtains the estimates: 
max{\un- u\, \vn - v\} < -^max{\ui - uq\, \vi-vq\}. 
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Then they satisfy the integral equations: 

{u, v) = {uo, Vo) + { ft{v, u)dt, / gt{v, u)dy) 

Jo Jxi) 

which are equivalent to the hyperbolic Mealy equations. 

Let us check that these satisfy the boundary conditions. On [xq, Xq + t] x 
{0}U{xo} X [0,r], 

{u, v){x, 0) = {u{x, 0) , v{xo, 0) + / gt{v, u)dy) = {u{x, 0), 0)) 

Jxf) 

{u, v){xo, s) = {u{xo, 0) + / ft{v, u)dy , v{xo, s)) = {u{xo, s),v{xo, s)). 

Jo 

So the pair (m, v) certainly satisfies the boundary condition. 
This completes the proof. 

(4): Let us continue the construction of solutions on [0, oo) x [0,oo). By 
lemma 5.4, let us extend solutions on inductively, and one obtains solu- 
tions on [0, oo) X [0, r]. 

Since the initial values u\ [0, oo) x {0} and v\{0} x [0, oo) take their ranges 
between [r — q, R + q], the range of both u, v on [0, oo) x [0, r] also the same, 
since the pair {ft,gt) restricts to a self-dynamics over [r,R]. 

Next let us regard that: 

[0, oo) X {r} U {0} X [r, 2t] 

is the boundary equipped with the boundary condition. Let us iterate the 
same construction over [0, oo) x [r, 2r]. By the above observation, the range 
of the initial conditions are also contained in [r + q,R — q]. So one can repeat 
the above process by the same way. 

By repeating this process, one finally obtains the solutions with the given 
boundary condition: 

-u, V : [0, oo) X [0, oo) -)■ R. 
This completes the construction of solutions to the hyperbolic Mealy systems. 
Let us put the initial domain: 

/o = [0,oo) X {0} U {0} X [0,oo). 
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Theorem 5.7. Suppose that the pair {ft,gt) restricts to a self- dynamics over 
[r, R], and give the positive initial values: 

u, v. Jo [r + q,R-q]. 

Then: 

(1) there exists a positive solution 

u,v : [0,00) X [0,00) (0,00) 
with the uniform bounds: 

r + q < u{x, s), v{x, s) < R — q 

hold. 

(2) The solution is unique. 

Proof: The first statements foUow from the above construction with 
lemma 5.2. 

Let us verify uniqueness. Suppose two solutions {u, v) and v') exist 
with the same initial values. Let us put: 

a = \u — u'\, h = \v — v'\ : [0, 00)^ [0, 00) 

and verify a = = 0. Notice that a|[0,oo) x {0} and 6|{0} x [0, 00) both 
vanish. Firstly, at x = 0, the ODE: 

«.(0,s) = /,(^(0,s),^0,s))-w(0,s) 

has the unique solution on s G [0, 00), where t'(0, s) is the given initial value. 
So 0) = u\x^ 0) hold for all x e [0, 00). 

Similarly f (0, s) = f '(0, s) holds. In particular: 

u{x,s) — u\x.,s)., v{x, s) — v'{x, s) 

hold for all {x, s) e [0, 00) x {0} U {0} x [0, 00). 
The solutions satisfy the integral equations: 

u{x,s) — u{x.,Q) -\- I ft{v,u)ds, v{x, s) — v{0, s) + / gt{v,u)dx. 
Jo Jo 
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Since both ft and gt are Lipschitz, there exists L so that the estimates hold: 

a<Lf (a + b), b<Lf (a + b). 
Jo Jo 

Let us denote the broken lines: 

lx,s = {(«, s)Li{x,^):0<a<x, < /3 < s}. 
Then combination of the above inequahties gives the following inequalities: 

{a + b){x,s) <L {a + b). 

J 7a:, s 

Let us choose (x, s) so that the estimate L{x + s) < 5 <1 holds. 

Now let D C [0, oo)^ be the rectangle whose boundary is given by: 

dD = 7^,, U [0, x] X {0} U {0} X [0, s\. 

Let us choose some point (xq, sq) G D so that the equality (a + b){xQ, sq) — 
sup(p g)££,(a + q) holds. Then for {x, s) e D, the estimates hold: 

(a + b){x, s) <{a + b){xo, sq) < L {a + b) <S {a + b){xo, sq). 

Since 5 < 1, this implies {a + b){xQ^ Sq) = and hence {a + b){x,s) =0 on D. 

By changing the domains by parallel transport as in the above construc- 
tion, we can follow the same argument as above. By iterating the same 
process, we conclude that a — b = hold on [0, oo)^. 

This completes the proof. 

5.C.3 Energy estimates: Let us study estimates of solutions. It is well 
known as the energy estimates for hyperbolic equations. Here we also give 
concrete estimates of the constants which appear in the asymptotic growth 
of derivatives of solutions. 

For functions u : [0,oo)^ — )■ [0,oo), let us denote the norms of the first 
derivative by: 

||'u||C'^= sup max{||^|(a;,s), 

(a;,s)G[0,oo)2 OS 

The following is elementary: 
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Lemma 5.8. Let us give any discrete initial values: 

It : N X {0} ^ R, u : {0} X N ^ R 

such that the estimates holds for all n = 0,1,2, ... : 

\u{n + 1) — u{n)\, \v{n + 1) — v{n)\ < /I. 

Then there is a constant C independent of choice of the initial values and 
H so that there are extensions of the initial values as: 

w : [0, oo) X {0} R, -u : {0} X [0, oo) ^ M 

equipeed with uniform hounds: 

\\u\\C^{[0,oo) X {0}), ||i;||C'^({0} X [0,oo)) < Cyu. 

Proof: Let us extend the initial values by connecting the discrete values 
by segments. Then its approximations give the desired property. 
This completes the proof. 

Recall the number D = Dr^R{fti Qt) in 5.C.2 and introduce another one: 

B = max(||(/,)„ - 1||CM|(/,)„||C°, ||(^,). - \\{9t)u\\C'). 

The next gives the exponential energy estimates: 

Proposition 5.9. Suppose that the pair {ft,gt) restricts to a self-dynamics 
over [r, R] , and give the initial values: 

u{ ,0), ^;(0, ):[0,^)^[r + q,R-q] 

with uniformly hounded norms: 

||«^||C°([0,oo) X {0}), ||'u,||C°({0} X [0,oo)) <A<oo. 

Then there is a constant C so that solutions u, v : [0, oo) x [0, oo) — >■ (0, oo) 
have the asymptotic hounds: 

||g^||C"(10,oo)x{m}), ||^||C"({m}x|0,oo)) < 2'"''»(yl + 2D), 

||^||C«, ||*||C° < D 
OS ox 

where: 
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Proof: Let us use the notations in B.C. 2. Firstly we split the domains 
into periodic stripes. Then we verify some uniform estimates on the first 
derivatives of the approximated solutions f„) over each stripe, which are 
independent of n. Secondly we verify that they converge to the solutions 
uniformly in over each stripe. 

Step 1: By theorem 5.5, the range of solutions {u,v) are uniformly 
bounded between r to R. Then by the defining equations, both uniform 
bounds hold: 

||m,||CM|t;^||C° < D. 

Let us estimate as follows. By theorem 5.7, the solutions are unique 
with respect to the given initial values. 

Let us recall the inductive construction of solutions over [0, oo) x [0, r] in 
5.C.2. We split the domain into periodic squares Dm = [mr, (m + l)r] x [0, r], 
and construct solutions successively on each Dm as \imn^^{un,Vn), where: 



= Wo + / {ft{Vn-l, Un-l) - Un-l)dt, 

Jo 

px 

+ {9t{Vn-l,Un-l) - Vn-l)dy 
J Xn 



for < s < T and xq — mr < x < {m+ 1)t. 
Let us denote u'^^. Then: 

n ax 

«n = «0 + / i\Ut)u{Vn-l, Un-l) - iK-i + {ft)v{Vn-U Un-l)v'^_^)dt, 

Jo 

v'n = 9tiVn-l,Un-l) " ^n-l- 

By lemma 5.6, the estimates: 

I II I 1 /I II w Q 

\v - Vn\, \u - Un\ < — max(|iti - Mo|, \Vi - Vol) < ^ 

hold. Since the equality = gt{v,u) — v holds, we obtain the estimates: 

\v'J < \v'\ + \v!^ -V'\< D + \ {gt{v,u) -V)- (s-tK-l, Un-l) - Vn-l)\ 

< D + -^^Lip,, < D + 



2„-i ^yt - 2"r 
Let us put: 



tB = 5<]. 

4 
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Then we have the estimates: 

Wn\<\<\+rB[K_,\ + D + ^] 

^\u',\ + {5D + B^) + S\u'^_,\<... 

<{l + S + 5' + ...){\u',\ + D) + {^ + ^^+...)Bq 

<2{\u',\ + D + ^)<2{A + D + ^). 

Similarly we have the estimates |^| < 2{A + D + ^) on [0, r] x [0, oo). 
By lemma 5.6, we have the estimates: 

Hi Hi < £)_ 

ds ' dx 

Notice that so far we have required the conditions on r > as: 



Step 2: Let us verify uniform convergence of f „}«• For simplicity 
of the argument, we assume that the Lipschitz constants of {ft)u, {gt)v and 
{ft)v, {gt)u are all finite and bounded by B'. 

Let us consider the estimates: 

K\<D, \u'J<2A + 2D+'^=an. 
on the domains [0,oo) x [0,r]. Then we have the estimates: 



-21 



|(/t)«K-l,Mn-lX_i - {ft)u{Vn-2:Un-2)u'^- 

lWn-2 - {ft)u{Vn-2,Un-2)u'^-2\ 

< B\u'„_i - u'„_2\ + B'{\Un-l - Un-2\ + \Vn-l " t;„-l |) | W^_2 1 

< B\u'^_^ - U'^_2\ + B'an-2{\Un-l - Un-2\ + W-l " Vn-2\), 
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\{ft)v(Vn-l,Un-l)v'^^l - (ft)v(Vn-2, Un-2)v'n_2\ 

< - v'^_2\ + B'{\Un-l - Un-2\ + bn-1 " ^^7^-21)1^^^,-21 

< B{gt{Vn-2,Un-2) " gt{Vn-3, Un-s)] + \Vn-2 " ^^n-sl) 

+ B'D{\Un-l - Un-2\ + \Vn-l " ^^n-2|) 

< BT~'^{\Un-2 - Un-3\ + \Vn-2 " ^^n-3|) 

+ B'D{\Un-l - Un-2\ + \Vn-l " Vn-2\)- 

By lemma 5.6, the estimates hold: 

I II I ^ ^ 

\Un - Un-l\, \Vn - ^n-l < 7^- 

Thus we have the estimates: 

K - < r[sK_i - <_2l+ 

-B'(a„_2 + /^)(|Mn-l - Un-2\ + \Vn-l " Vn-2\)] 
+ B{\Un-2 - ^^n-sl + \Vn-2 " ^^n-sl) 

c 

<5K_i-<_2l + 2^ 

for some constant C. Then we have the estimates: 

CI C 

K - < ^Wn-l - <-2l + ^ ^ l\^n-l - '"n-2l + ^ 

1 , / / , 1 , , C 



24 I "^-2 "n-31 ^ 2n+2 - 2""! ' ^ "01^2271-1- 

Similarly we have the estimates: 

I dVn dVn-l I ^ 1 I , /| , C 

on [0,t] X [0, oo). 

So the convergence is uniform. 



Step 3: By step 1 and 2, we have the uniform estimates: 

.du. 
dx 



&<2A + 2D 



on [0,00) X [0,r], and: 

— < 2A + 2D 



ds 
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on [0, r] X [0, oo) by letting n — > oo. 

Let us repeat the same process of extensions of the solutions, on [0, oo) x 
[r, 2r] for u and on [r, 2r] x [0, oo) for v. 

Notice that the initial norms have to replace from A by 2 A + 2D. Then 
successively we have the estimates for A/" = 0, 1, 2, ... : 



I < 2^ A + (2^ - l)2D on [0, oo) x [(A^ - l)r, Nr] 

I — I 

I 9s I 



I 9a I < 2^ A + (2^ 

< 2^ A + (2^ - 1)2D on [{N - 1)t, iVr] x [0, oo) 
So in total, we have the following estimates: 

\^\{x,s)<2^-'^{A + 2D) 
\^\{x,s)<2^-'%A + 2D), 

9m I I ^'^ I < 

9s ' dx ~ 
This completes the proof. 
Example 5.1: Let us consider the hyperbolic systems of the form: 

Us = — w, = gt{u,v) - V. 

1 + u 

Suppose the initial conditions satisfy u{l,0) — a — 1. Then along the 
half line {(1, s) : s > 0}, the ODE Ug — — u has the unique solution 
u{\, s) = a — 1. Then by differentiating the first equality by x variable, one 
obtains the equation Uxs — — i)ux, whose solutions are given by: 

Ux{l, s) = exp((a~^ - l)s)ux{l, 0). 

They are uniformly bounded if a > 1 hold. 

If we choose a < 1, grow exponentially, even though u take negative 
values. 

For our purpose of the estimates on the second derivatives, this may not 
be so useful. 

Let us induce the uniform energy estimates by assuming negagive coeffi- 
cients on derivatives as below. 

Firstly we have the general estimates: 
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Lemma 5.10. Let w{s) satisfy the estimates: 

—aw{s) + b < w'{s) < —cw{s) + d 
for some positive a,b,c,d > 0. Then the estimates hold: 

— h (w(0) ) exp(— as) < w(s) < — h (w(0) ) exp(— as). 

a a c c 

Proof: Let us rewrite the inequalities as: 

-o(w(s) - -) < (w(s) - -)'. 

Qj a 

Then we obtain the left hand side estimates of the conclusions immediately. 
The right hand side can be treated similarly. This completes the proof. 

Let us consider the hyperbolic system of PDE: 

Us = ft{v, u) -u, = gt{v, u) - V. 
Proposition 5.11. Assume negativities: 

-a < {ft)u - 1, {gtjv - 1 < -c 
for some < a,b. Then the uniform estimates hold: 

— + {ux{x, 0) — -) exp(— as) < Ux{x, s) < - + {ux{x, 0) — -) exp(— as), 
a a c c 

- + {vs{0, s) ) exp(-ax) < Vs{x, s) < - + (-^^(0, s) ) exp(-as) 

d ct c c 

where: 

b = sup \{ft)vi9t -v)\, d:^sup\{gt)u{ft-u)\. 
In particular \ux\ and \vs\ are both uniformly bounded. 
Proof: By differentiations, let us consider the equations: 

Uxs = {{ft)u - l)Ux + {ft)v{gt - V), 
Vxs = {{gt)v - ^)Vs + {9t)u{ft - U). 

Then the conclusions follow by applying lemma 5.9. 
This completes the proof. 
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5.D Refinement and the higher distorsions: Let us consider a Mealy 
automaton: 

A: iJj-.QxS^S, (p-.QxS-^Q 

with two alphabets S — {so,Si} — {L,L + 1}. Our aim in 5.D is to verify 
the following: 

Proposition 5.12. Let A be a Mealy automaton with 2 alphabets. 

There is an refinement of A with the pair of functions (0, "0) so that the 
corresponding relatively elementary functions {ft,gt) satisfy the estimates: 

[ \{ft{v,u) - u){{ft)u{v,u) - 1)\ + \{ft%{u,v)\\vs\ ]{x,s + a) < 2u{x,s + l), 
[ \{gt{v:u) -v){{gt)v{v,u) - 1)1 + \{gt)u{u,v)\\u^\ ]{x + a,s) < 2v{x + l,s). 

for any solutions {u,v) and allO < a <1. 

Proof requires constructions of (max, +)-functions by several steps and 
occupies 5.D. We also need some general estimates of rational functions with 
positive coefficients. 

5.D.2 Prototype : Let us describe a prototype of rational functions, which 
appear by refinement. 

Let ^ : R — >■ R be another relatively (max, +)-function, given by: 

$,{x) — max(min(a; + 6, L),x — 5) 

— max(— max(— (x + S), —L),x — 5). 

^{x) is increasing for a; < L and decreasing for x < L. So for any 
q > S > 0, ^ gives the funnctions as: 

C:[L-q,L + q]^[L-q,L + q]. 

Let ft be the corresponding relatively elementary functions to ^: 



where A^o = No{t^) > 1 are chosen so that the estimates hold: 

+s 

n = i- t-^ - — >0. 

No 
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Let us consider the equalities: 

1 f2L-5 

(Mz) -zy = t-'-i + 



Then the estimates hold: 



{t^-^ + zf t^-^ + z 
Thus we have the estimates: 



< t 



s 



-Kt-'-K {ft{z) -z)' <t-'-l + ^ = -^i<Q, 

iVo 

-z< {r' - i)z < ft{z) -z< {r' -i + —)z = -iiz. 

iVo 

So in total we have the estimates: 

|(/,(^)-^)'||/,(^)-^|<(i-r^) z. 

This will be one of the required estimates for our asymptotic estimates of 
solutions to PDE systems. 

5.D.3 Construction of exit functions: Let us construct admissible pairs 
concretely. Such functions arise from almost diagonal functions as below. 
Let: 

^(x) = max(min(a; + 5, L), x — 5) 

be the relative (max, +)-functions in 5.D. Given the initial value Xq — 0, let 
us iterate it as Xn+i = ^(x„). It is easy to see: 

Xn = L ii xo — L, L + 1 and n > S~^. 

Let us have another relative (max, +)-functions with 'two-step stairs' by: 

(,2{x) = max(min(^(a;), L + l),x — 3S). 

This satisfies the properties: 

X < L 

L-5<x<L+5 
X > L 
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The iterations satisfy the same properties, Xn = L for all n > for xq — 
L, L + 1. On the other hand let us translate ^2- Then its properties change 
as: 

{> X X < L + 1 

=L+1 L+l-5<x<L+l+S 
< X X > L + 1 

In particular the orbits behave differently. The iterations satisfy: 

Xn = L + 1 ii xq — L, L + 1 and n > S"^. 

Inductively let us have relative (max, +)-functions with n-step stairs by: 

Cn{x) — max(min(^„_i(a:), L + n — l),x — {2n — 1)S)- 

To represent exit functions, one can use when we have I alphabets. In fact 
if we want an action which exchanges L + a and L + a + 1 with a < I, then 
the translations: 

+2a5) : L + a,L + a + l ^ L + a, 

+2{a + l)5) : L + a,L + a + l^ L + a + 1 

can play such roles. Notice that all ^„ are 1-Lipschitz functions. 

Let us fix n, and choose a large number Nq — A/o(n) which will be deter- 
mined later. 

Let /( be the rational functions corresponding to ^ above: 
For < m < n let us put rational functions inductively by: 

which correspond to defined above. 

Lemma 5.13. let us choose No > 1 so that the estimates: 
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holds. Then the following estimates hold: 

- 1 + t-('^-'^' < if^z) -zy<t-'-l + ^^-^^<0, 

iVo 
iVo 

/n particular the estimates: 

\{Mz)-zy\\Mz)-z\<{-l + t-^'^^-'^'r z. 

Proof: We have already verifed the conclusions for m — 1. 
Suppose /™~^ satisfy the conclusions for m < n. 
Let us consider: 

< ^-(2m-l)5 ^ lift' 'y{z)\ ^ ^_(2^_i)5 ^ ± < ^-5 ^ ^1 < ^ _ 

No - No- No 

So we have the estimates — 1 < {ft{z) — z^ < — /i < 0. 
Next we have the estimates: 

1 j-L+m— 1 
fm( \ _ ^-(2m-l)5 , _± !^ f'^-'^ ( z) 

- + 1^^"^ < " 
Thus we have verified the conclusions for m. This completes the proof. 

Corollary 5.14. By choosing No — No{t^) as above, the solutions to the 
equation: 

Us = f?{u) - u 

satisfy the following estimates: 

lif^u) - u){{fnu{u) - ms + a)< Y^A' + 1) 
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Proof: Let us put r — 1 — ^-(^"-i)'^. By lemma 5.12, the estimates 
- z\ < t'^z hold. 

Let us choose < ao < 1 so that supo<s<i u[s) = u^ao) holds. Then we 
have the inequalities: 



/s+l rs+l 
\us\ < u{s -\- 1) -\- t'^ I u{a)da. 



By the mean value theorem, we have the estimates: 

/s+l 
u{a)da = u{s + (3) < u{s + ao). 

Thus combining with these estimates, we obtain the following: 

{1 - T^)u{s + ao) <u{s+l). 
Now finally we have the desired estimates: 

\{f-{u) - u){{fnu{u) - ms + a)< tMs + a) 

< t'^u{s + ao) < Ms + !)• 

1 — 

This completes the proof. 

5.D.4 Transition functions with 2 alphabets: Now let us consider a 
Mealy automaton: 

A: ip-.QxS^S, (p-.QxS^Q. 

We will construct the transition functions by relatively (max, +)-functions 
with two alphebets S = {sq, si}. The reason for this restriction is just for 
simplicity of the notations. The general case can be constructed similarly. 

Let us embed as sq = and si = L + 1 for some large L >> 1. Let 
Q = {(f: • • • ) 9^} be the set of the states. We change the set, prepare twice 
of the number of them as {g^, . . . , g', g'}, and embed them as: 

so that: 

q^ = q^ + 45, g^+^ = q^ + 86 

hold for J = 0, ... , I. 
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Lemma 5.15. There exists a refinement by relatively {max, +) -functions 
'iIj,4> :RxR^R. 

Proof: Construction of -0 : Let us put the function: 

IJ,{y) = min[2(5, max(r(2/ - g°), ...,T{y- q^))], 
T{y) = min[max(0, y — S), max(0, —y + 7S))] ■ 

For q E Q, these functions satisfy the following properties: 

[O \y-q^<5, 
li{y) = I 26 \q^ -y\<6, 

[0 y > q^ + 76 or y < q'^ + 5 

Now we put the desired functions by: 

ip{y,x) = i2{x + ii{y)). 

Construction of : Denote *^ = q^ for * = q^ or q^ , and let eo be the 
permutation between L and L + 1. Let: 

: R X R q^ + 76] 

be the relatively (max, +)-function which satisfy the following properties: 

(1) 0(*, 61) = * if (5/ 7^ Z for / e Z and * e Q. 

(2) x) — y\< k6 for all x e R and y e [5°, g' + 76] for some A;. 

(3) Suppose (f>{q', s) — q and let eo be the permutation between sq — L 
and Si = L + 1. Then for *' = q' or q': 



g if ^(g, ) = eo, 

g if ) = ^(i 

q if ^(g, ) = eo, 
q if ?/;(g, ) = irf 



If we choose 6 ^ equal to some integer Iq, then these constructions give 
the refinement. This completes the proof. 
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Example: Let us consider the one state case Q — {q}. Then we have repre- 
sentations of 4> by: 



mm[q,max{y,y + X - {L + l - S)] if ^/'(g, ) = eo, 
min[g, max(y, y — X + L + 5)] \l '^{q, ) = id 



5.D.5 Estimates of relatively elementEiry functions: Let us give C° and 
estimates for relatively elementary functions in terms of the corresponding 
(max, +)-functions. Let ft{zQ, . . . , Zn-i) correspond to (fi{xo, . . . , Xn-i), and 
fix j/° = (yi, . . . , Un-i) e M"'~^. Then we consider: 

Assume that cp has the form: 

ip{x) = Lo + a{x - xo) 

as a function on some neighbourhood Jq — (xq — r,Xo + r) £ M. 
For = e M^o^ and zq = t^o, let us put : 

ft = M ,«;°): (0,00)^(0,00). 

Lemma 5.16. Let M be the number of the components of ft- 

(1) For any t^°~'^ < z < t^°'^'^ , the estimates hold: 

(_M^)±i < M. 

(2) Suppose takes bounded values from both sides: 

L < (fi < L + a. 
Then there exists some constant C so that the estimates: 

&z)<Ct^- 
oz z 

hold for all t > 1, where C — C{deg ht, deg kt, M) with ft = t^^- 

(3) Suppose a > 0. Then there exists an integer N so that the estimates: 

^L-a < jv/t(z) < 
hold for all < z < and all sufficiently large t » 1. 
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Proof: (1) Let us put x = log^z and (pt{x) — \og^ft{z). By lemma 2.1, 
the estimates hold for all x & Iq: 

\ift{x) - ip{x)\ = I log, ftiz) - log,(t^°+'^("))| 

= log.( /'^^} < log, M 

By removing log, from both sides, one obtains the desired estimates. 

(2) Notice that /, is a parametrized rational functions. For each t > 1, /, 
takes bounded values from both sides, since: 

j\^-l^\ip(x)\ ^ ^\ip(x)\^-\iptix)-<fi{x)\ ^ < t^'fi(^)\t'''^t(x)-ifi{x)\ ^ j\^^Mx)\^ 

In particular the degree of /, must be equal to with respect to z. So the 
derivative of ft with respect to z has negative degree. 

Let us denote ft = by polynomials. Then by the above estimates, 
we obtain the uniform bounds: 

h 
h 

where the coefficients of both /i, and kt are rational in t. Notice that all the 
coefficients take positive values, which is a characteristic in tropical geometry. 

Suppose ht has degree no > 1 in z. Then its derivative satisfies the 
estimates: 

dht 

< z ^\^) < c[no)ht 
for some constant c(no) which is independent of t > 1. 



Now suppose dcg ht = deg kt = no, and denote h[ = Then the 



estimates hold: 

ll^l(^) ^ t^\{^ - ^}| < 2t^Mr^ = 2c(no)Mt«^. 

UZ Kt rvt ^ ^ 

(3) Firstly we show that there exists an integer and some L < L' < L+a 
so that the estimates: 

t^' < Nft{t^) < 
hold for all sufficiently large t >> 1. 
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There is some L' so that the estimates < M hold by (1) for 

some L < L' < L -\- a and all t > 1. Since ^^^7-^ is a rational function in 
t > 1, there is a limit: 

M-^ < lim t-^'ftit^) = K<M. 

t—>-oo 

One may assume the estimates NM < t"- with N — [k^^] + 1 for all large 
t » 1, where [k^^] = max([K], [k~^]) > 0. 

Then one obtains the estimates 1 < Nt~^' ft{t^) < NM < T, and so: 

< t^' < Nft(t^) < < 

since L < L' < L + a hold. It follows from (2) that the estimates: 

NM-H^ < Nft{r) < Nft{t^) + CNt^+'' \og& 

hold for all L — a < x < L + 3a. 

One may assume the estimates for all sufficiently large t » 1: 

N-^M < C7Vt^+" log t^" < 

Then combining with these estimates: 

^L-a < Nft{e) < 2t^+2" < 

hold for all L — o < x < L + 3a. This completes the proof. 

5.D.6 Proof of proposition 5.12: 

Step 1: Let r(y) be in 5. DA and It correspond to r: 

l,{nj) = [(1 + r'w)-' + (1 + t''w-')-']-\ 

The inequalities hold: 

(1 + f')-' < lt{w)-' < 2, \k{w)\' < 4(1 + r'). 

Let: 

htiw) = K-'[t-'' + ikir'^^w) + ■■■ + kit-'^'w))-']-' 
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be corresponding to /x, where K E N are chosen so that the estimates ht{w) < 
1 hold. Notice that the estimates hold: 

[(I + i)(i + f')]-^ + r^' < (Kht(w))-^ ^ 7^ + 

By inccasing the number of / if necessarily, one may assume the lower bound 
1 — X < ht{w) for sufficiently small < x < 1- 
We have the estimates: 

\ht{wy\ = ' 



K ' {t^s + i^(t-i°w) + ■■■ + it{t-i'w)y ' 

4.25 A 



where C is independent of f > 1. 

Now let be in 5.D.3, and recall ^ with corresponding /<. Then corre- 
sponding to ip is the following: 

ft{w,z) = ft{zht{w)). 

By lemma 5.13, both the estimates: 

(-1 + t-^^)z < ft{w, z) - ht{w)z < -iiz, 

- 1 + r^^ < {ft)z{w, z) - ht{w) < -II. 

In particular we have the estimates: 

- z < (-2 + + ht{w))z < ft{w, z) - z < -(xz, 
-K-2 + t-''^ + htiw) < {ft)z{w, z)-l< -HZ, 
\UMw,z)\ = \K{w)\z\f,{zht{w))\ < CK-H-^^z. 

Step 2: Let gt{w,z) correspond to 0, and estimate: 

\{ftU9t-^')l \{9t)z{ft-z)\. 

Let us modify gt{w,z) so that there are C and some a independent of 
t > 1, and the estimates hold: 

\{gt).\, \{9tU<Ct''\ 

— w < gt{w, z) — w < —iJ,w, 

- 1 < {gt)w - 1 < -)U 
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for all t-"^ <w< f^. 

Let us denote (f){y,x) = (f){y,x) — y. Then there is some a with the esti- 
mates \(f){y,x)\ < aS. So we have the equality (p{y,x) = max((/)(y, x), —aS). 

Let gt{w,z) correspond to (f). Then g[{w,z) = + t "'^ are tropically 
equivalent to gt for A^o G N. By lemma 5.16, gt is uniformly bounded and so 
one may assume the estimates: 

^-X<9't{w,z) < 1 + x 

for sufficiently small < x- Moreover: 

ow 

hold. Now we have the equality: 

^ _.-/_-, , w dgt 
dw ^* No dw 

where the estimates l^f^l < Ct^"^-^ < ^ « 1 hold, and so we 

' No aw' — Noti ~ ^0 ' 

obtain the desired estimates. 
Since 

w 

g'ti'W: ^) = ^ 9t{w^ ^) 

are tropically equivalent to gt{w, z), we obtain the desired rational functions. 
So we obtain the foUowings: 

\Ut)v,{gt -w)\< CK-H'^'z, \{gt)M - ^)l < Ci"'^. 
Step 3: By proposition 5.11 and step 2, we have the following estimates: 

\ift)v{v,u)\\vs\ = \ht{w)\z\fi{zht{w))\\vs\ 

< CK-H-'^\t'^ z = cx-^r«°+"^^2 

\{gtUv,u)\\u^\<ce'''z. 

If we take g° > L + 1 and large t >> 1, then we obtain the estimates: 

\{.ft)v{v,u)\\vs\{x,s) <fi'u{x,s), \{gt)u{v,u)\\u^\{x,s) <i^'v{x,s) 
for sufficiently small <//'<< 1. 
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Now combining with corollary 5.14, we obtain the estimates: 

\{ft)v{v,u)\\vs\{x,s + a) < fi"u{x,s + 1), 
\{gt)u{v,u)\\u^\{x + a, s) < iJ,"v{x + l,s) 

for some < fj," < 2. This completes the proof of proposition 5.15. 

Basically the constructions of the refnement are quite general, and it 
would be reasonable to expect the following: 

Conjecture 5.1: For any pairs of relatively (max, +)-functions {4>,ip), there 
are refinements (0, ■0) by 1-Lipschitz functions so that the corresponding 
relatively elementary functions {ft,gt) are admissible. 
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